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Abstract 

If  a  Berge  graph  contains  certain  wheels,  then  it  contains  a  ’’good” 
skew  partition. 


1  Introduction 

A  graph  G  is  perfect  if,  for  all  induced  subgraphs  of  G,  the  size  of  a  largest 
clique  is  equal  to  the  chromatic  number  [1].  Lovasz  [8]  showed  that  a  graph 
G  is  perfect  if  and  only  if  its  complement  G  is  perfect.  A  graph  is  minimally 
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imperfect  if  it  is  not  perfect  but  all  its  proper  induced  subgraphs  are.  The 
only  known  minimally  imperfect  graphs  are  the  odd  holes  and  their  comple¬ 
ments.  Berge  [1]  conjectured  that  there  are  no  other  (Strong  Perfect  Graph 
Conjecture).  A  graph  is  called  Berge  if  it  contains  no  odd  hole  or  its  comple¬ 
ment.  Every  perfect  graph  is  Berge.  The  Strong  Perfect  Graph  Conjecture 
states  that  every  Berge  graph  is  perfect. 

A  graph  G  has  a  skew  partition  if  the  nodes  V  ( G )  can  be  partitioned  into 
nonempty  sets  A,  B ,  C,  D  such  that  every  node  of  A  is  adjacent  to  every  node 
of  B  and  there  is  no  edge  between  C  and  D.  Chvatal  [4]  conjectured  that  a 
minimally  imperfect  graph  cannot  have  a  skew  partition.  Chvatal  [4]  proved 
this  when  A  or  B  has  cardinality  one  (the  star  cutset  lemma). 

Hoang  [7]  proved  the  conjecture  for  special  types  of  skew  partitions.  A 
T -cutset  is  a  skew  partition  with  u  G  C  and  v  G  D  such  that  every  node  of 
A  is  adjacent  to  both  u  and  v. 

Theorem  1  (Hoang  [7])  No  minimally  imperfect  graph  has  a  T -cutset. 

This  work  was  generalized  by  Robertson,  Seymour,  Thomas  [10].  A  skew 
partition  (A,  B ,  C ,  D)  is  good  if  C  U  D  contains  a  node  u  that  is  adjacent  to 
every  node  of  A  or  B. 

Theorem  2  (Robertson,  Seymour,  Thomas  [10])  No  minimally  imperfect 
graph  has  a  good  skew  partition. 

ChvataPs  skew  partition  conjecture  was  solved  recently  in  its  generality: 

Theorem  3  (Chudnovsky,  Robertson,  Seymour,  Thomas  [3])  No  minimally 
imperfect  graph  has  a  skew  partition. 

In  these  notes,  we  show  that,  if  a  Berge  graph  contains  certain  types  of 
induced  subgraphs  called  wheels,  then  it  has  a  good  skew  partition.  This 
shows  that  no  minimally  imperfect  graph  can  contain  these  types  of  wheels. 

2  The  Wonderful  Lemma 

Given  a  set  X  C  V(G)  and  a  node  x  ^  X,  we  say  that  x  is  universal  for  X 
if  x  is  adjacent  to  every  node  of  X.  We  say  that  an  edge  e  =  yz  such  that 
y,  z  X,  sees  X  if  both  y  and  z  are  universal  for  X. 
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Given  a  chordless  path  (or  a  hole)  P  in  G  \  S,  we  denote  by  Es(P)  the 
set  of  edges  in  P  that  see  S.  |P|  denotes  the  length  (number  of  edges)  of  P. 
int(P)  denotes  the  set  of  internal  nodes  of  P. 

The  following  lemma,  due  to  Roussel  and  Rubio  [11],  plays  a  fundamental 
role  in  this  paper.  This  lemma  was  proved  independently  by  Robertson, 
Seymour  and  Thomas  [10],  who  named  it  The  Wonderful  Lemma. 

Lemma  4  (Roussel  and  Rubio  [11])  LetG  be  a  Berge  graph  where  V{G) 
can  be  partitioned  into  a  co-connected  set  S  and  an  odd  chordless  path  P  — 
u,  u'i . . . ,  v1,  v  of  length  at  least  3  such  that  u,  v  are  both  universal  for  S. 
Then  one  of  the  following  holds: 

(i)  An  odd  number  of  edges  of  P  see  S. 

(a)  |P|  =  3  and  S  U  {u',v'}  contains  an  odd  chordless  anti-path  between  v! 
and  v’ . 

(in)  1^1  >  5  and  there  exist  two  nonadjacent  nodes  x,  x'  in  S  such  that 
(V{P)  \  {u,v})  U  {x,x'}  induces  a  chordless  path. 

Proof:  The  proof  is  by  induction  on  |S|  +  |P|. 

Note  that,  for  every  x  E  S,  there  is  an  odd  number  of  edges  in  E(P)  that 
see  x,  otherwise  V (P)  U  {a;}  contains  an  odd  hole.  We  can  therefore  assume 
that  | S' |  >  2. 

Claim  1:  Lemma  4  holds  if  |P|  =  3. 

If  |P|  =  3  and  (i)  does  not  hold,  then  S  can  be  partitioned  into  3  sets  Si, 
S2  and  S3  such  that  every  node  in  Si  (resp.  S2)  is  adjacent  to  v!  (resp. 
v ')  but  not  to  v'  (resp.  u1),  every  node  in  S3  is  adjacent  to  u'  and  v',  and 
both  Si  and  S2  are  nonempty.  Given  two  nodes  x,\  £  Si  and  x2  £  S2  with 
minimum  distance  in  G[S],  let  P'  be  a  shortest  X\ ,  x2-anti-path  in  S,  then 
(xi,  P',  x2,  a' ,  v,  u,  v\  Xi)  is  an  anti-hole  that  is  even  if  and  only  if  P'  has  odd 
length.  But  then  v',  xi,  P',  x2,  u'  is  a  chordless  odd  anti-path  in  S  U  {u' ,  P} 
and  (ii)  holds. 

We  may  assume,  then,  that  |P|  >  5  and  |S|  >  2. 

Claim  2:  Lemma  4  holds  if  S  contains  two  nonadjacent  nodes  x,  x'  such 
that  V (P)  \  {u,  v }  U  {x,  x'}  contains  an  odd  chordless  path  P'  between  x  and 
x' . 
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Assume,  by  contradiction,  that  such  nodes  a  path  P'  between  two  nodes 
x  and  x'  in  S  exists.  If  (iii)  holds  then  we  are  done.  Therefore  x  or  x'  must 
have  a  neighbor  in  the  interior  of  P  distinct  from  u'  and  v' ,  so  u  or  v  has  no 
neighbors  in  the  interior  of  P',  say,  w.l.o.g.,  u.  But  then  (u,  x,  P',  x',  u )  is  an 
odd  hole,  a  contradiction. 

Claim  3:  The  interior  of  P  does  not  contain  two  adjacent  nodes  y,  y'  such 
that  S  U  {y,  y'}  contains  a  chordless  odd  anti-path  P'  between  y  and  ?/. 

Assume  not.  Then,  since  |P|  >  5,  either  u  or  v  is  adjacent  to  neither  y  nor  y', 
say,  w.l.o.g.,  u.  But  then  (u,y,P',y',u)  is  an  odd  anti-hole,  a  contradiction. 


Claim  4:  For  every  co-connected  nonempty  subset  S'  of  S,  and  for  every 
odd  subpath  P'  =  z, ...,  z'  of  P  such  that  z,  zJ  are  universal  for  S'  and 
G[S"  U  V(Pr)\  is  a  proper  subgraph  of  G,  we  may  assume  that  Es'{Pzz')  has 
odd  cardinality. 

Assume  not.  Then,  by  induction,  either  S'  contains  two  nonadjacent  nodes 
x,  x'  such  that  V (Pzz>)  \  { z ,  z'}  U  {x,  x'}  contains  an  odd  path  between  x  and 
x',  and  we  are  done  by  Claim  2,  or  the  interior  of  Pzz>  contains  two  adjacent 
nodes  y,y'  such  that  S'  U  {y,  y'}  contains  a  chordless  odd  anti-path  between 
y  and  y contradicting  Claim  3. 

Claim  5:  No  node  in  int(P)  is  universal  for  S. 

Assume  not.  Then  P  can  be  partitioned  into  proper  subpaths  Pi,...,Pfc  such 
that,  for  every  1  <  *  <  k,  Pz  =  ut, ...,  ui+-\ ,  ut  is  universal  for  S  for  every 
1  <  i  <  k+1,  Ui  =  u,  Uk+ 1  =  v  and  no  intermediate  node  of  P*  is  universal  for 
S.  Since  P  is  an  odd  path,  there  is  an  odd  number  of  paths  p,  1  <  i  <  k  of 
odd  length  and,  since  (i)  does  not  hold,  Es(P)  has  even  cardinality.  Therefore 
there  exists  j,  1  <  j  <  k,  such  that  P,  is  an  odd  path  of  length  at  least  3, 
but  Es(Pj)  =  0,  contradicting  Claim  4. 

Let  si,  s 2  be  two  nodes  with  maximum  distance  in  (2 [S'],  and  let  P'  be 
a  shortest  anti-path  between  si  and  s2  contained  in  S.  Let  Si  =  S  \  si, 
S2  =  S  \  s2  and  S'  =  S\  fl  S2.  By  our  choice  of  si  and  s2,  Si,  S2  and  S'  are 
all  co-connected. 

Claim  6:  P'  has  odd  length. 

By  Claim  4,  ESi(P)  has  odd  cardinality,  i  —  1,2,  and,  by  Claim  5,  no  node 
universal  for  Si  is  also  universal  for  S2.  Therefore,  since  |P|  >5,  there  exist 
two  nonadjacent  nodes  z\  and  z2  in  the  interior  of  P  such  that  Z\  (resp.  z2) 
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is  universal  for  S±  (resp.  So)  but  not  for  S2  (resp.  Si).  Since  both  z\  and 
z2  are  universal  for  S',  then,  if  P'  has  even  length,  (z-\ ,  si,  P' ,  s2 ,  z2 ,  )  is  an 

odd  anti-hole,  a  contradiction. 

Since  Est  (P)  7 -0,2  =  1,2,  then  P  can  be  partitioned  into  proper  subpaths 
Pi,...,Pfc  where,  for  every  1  <  ?'  <  k,  P,  =  24, ...,  24+1,  ?/-,  is  universal  for  Si 
or  S2  for  every  1  <  *  <  k  +  1,  u\  =  u,  Uk+i  =  u  and  no  node  in  int ( P, )  is 
universal  for  Si  or  S2. 

Claim  7:  There  exists  j,  1  <  j  <  k,  such  that  P,  is  an  odd  path  of  length 
at  least  3,  Uj  is  universal  for  Si  and  u1+\  is  universal  for  S2. 

We  first  show  that  for  any  i,  1  <  i  <  k,  if  P*  has  length  1  then  11,11, ,  1  G 
Es1(P )  U  Es2(P).  Suppose  otherwise.  W.l.o.g.  Si  is  adjacent  to  ?/7  but  not 
Ui+ 1  and  S2  is  adjacent  to  i/7+1  but  not  «*.  Since  |P|  >  5,  then  either  u  or 
v  is  adjacent  to  neither  ?/,;  nor  wi+1,  say,  w.l.o.g.,  u.  But  then,  by  Claim 
6,  (u,  ui+i,  si,  P' ,  s2,  Ui,  u)  is  an  odd  anti-hole,  a  contradiction.  Since  P  is 
an  odd  path,  then  there  is  an  odd  number  of  paths  P*,  1  <  i  <  k  of  odd 
length.  By  Claim  4,  EsjP)  has  odd  cardinality  for  i  —  1,2.  By  Claim  5, 
Es1(P)  fl  EsSP)  =  0,  so  Es1(P)  U  Es2(P)  has  even  cardinality.  Therefore 
there  exists  j,  1  <  j  <  k,  such  that  P,  is  an  odd  path  of  length  at  least  3.  If 
both  Uj  and  Uj+ 1  are  universal  for  S\  (resp.  S2),  then  by  Claim  4,  ESl(Pj) 
(resp.  Es1(Pj))  has  odd  cardinality  so,  since  |P,j  >  3,  there  is  a  node  in  the 
interior  of  Pj  that  is  universal  for  Si  (resp.  So),  a  contradiction.  Hence  Pj 
satisfies  Claim  8. 

Claim  8:  Lemma  4  holds  if  |Sj  =  2. 

If  \S\  =  2  then,  in  the  odd  path  Pj  of  Claim  7,  v,j  is  adjacent  to  s2,  and  Uj+ 1 
is  adjacent  to  si,  and  no  node  in  int ( Pj )  is  adjacent  to  Si  or  s2.  Since  G  has 
no  odd  hole,  si  is  not  adjacent  to  Uj  and  s2  is  not  adjacent  to  Uj+i  ■  But  then 
s2,  Uj,  Pj,Uj+ 1,  si  is  an  odd  path  and  we  are  done  by  Claim  2. 

Claim  9:  S'  is  a  stable  set. 

Consider  the  odd  path  Pj  of  Claim  7.  Since  S'  ^  0,  then  by  Claim  4,  there  is 
an  odd  number  of  edges  in  Pj  that  see  S'.  Hence,  since  \P3\  >  3,  there  exists 
a  node  2  in  the  interior  of  Pj  that  is  universal  for  S'.  If  S  is  not  a  stable  set, 
P'  is  an  odd  anti-path  of  length  at  least  3,  therefore  (z,  si,  P' ,  s2,  z)  is  an  odd 
anti-hole,  a  contradiction. 

Let  Si,  s2,  s3  G  S  and  let  Si  =  S  \  s*,  i  =  1, 2, 3. 

By  Claim  4,  EsjP)  is  odd,  for  i  =  1,2,3,  and,  by  Claim  5,  given  e  G 
EsXP),  e'  G  Es3(P),  for  1  <  i  <  j  <  3,  e  and  e'  have  no  endnode  in  common, 
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hence  there  must  be  some  k  G  {1,2,3}  and  an  edge  in  yy'  G  Esk  (P)such  that 
{y,y'}  fl  {ufv'}  =  0. 

Assume  y  is  closer  to  u  in  P  than  y' .  Let  z  be  the  neighbor  of  in  Puy 
closest  to  y  and  z'  be  the  neighbor  of  Sk  in  P,/v  closest  to  y' .  By  Claim  5, 
y  z  and  y'  ^  z' .  Pzz>  is  even,  otherwise  (s*,,  z,  Pzz>,  z' ,  Sk)  would  be  an 
odd  hole,  therefore  either  Pzy  and  Pyz>  are  both  odd  paths,  or  Pzy>  and  P,/z' 
are  both  odd  paths.  Let  w  G  {y,y'}  be  such  that  Pzw  and  Pwz>  are  both 
odd  paths.  Since  P  is  an  odd  path,  then  either  Puw  or  Pwv  has  even  length. 
Assume,  w.l.o.g.,  that  Puw  is  an  even  path.  Let  G'  be  the  graph  induced  by 
S,  together  with  v  and  the  nodes  of  Puw ,  plus  a  new  edge  wv. 

Claim  10:  G'  is  a  Berge  graph. 

Assume  not.  Then  G'  contains  either  an  odd  hole  or  an  odd  anti-hole.  If  G' 
contains  an  odd  hole  H,  then  H  must  contain  wv  (otherwise  H  would  be  an 
odd  hole  in  G).  Since  v  is  universal  for  S,  H  must  contain  exactly  one  node 
in  S,  and  such  node  must  be  .sy. ,  since  any  other  node  in  S  is  adjacent  to  both 
w  and  v.  The  only  hole  in  G'  containing  Sk,  w  and  v  is  (z,  Pzw,w,v,  Sk,  z), 
which,  by  construction,  is  even.  If  G'  contains  an  odd  anti- hole  H,  then  H 
contains,  at  most,  two  nodes  in  S,  since  S'  is  a  stable  set,  and  at  most  four 
nodes  in  P,  since  every  set  of  nodes  of  P  with  at  least  five  elements  contains 
a  stable  set  of  size  3.  But  then  H  is  a  5-anti-hole,  therefore  H  is  also  a  5-hole. 

By  construction,  since  Puw  and  Pwv  have  both  length  at  least  2,  G'  has 
a  number  of  nodes  strictly  smaller  than  G,  while  P'  =  u.  Puw,  w,  v  is  an  odd 
chordless  path  of  length  at  least  3.  Then,  by  induction,  Lemma  4  holds  for 
G'.  Since,  by  Claim  5,  there  is  no  node  in  int(P')  universal  for  S,  then  either 
there  exist  two  nodes  x  and  x'  in  S  such  that  x,  u',  Pu:w,w,  x'  is  a  path,  and 
we  are  done  by  Claim  2,  or  there  exist  two  adjacent  nodes  t  and  t'  in  int(P') 
such  that  S  U  {t,  t'}  contains  an  odd  anti-path,  contradicting  Claim  3.  □ 

The  following  is  an  easy  consequence  of  Lemma  4. 

Lemma  5  Assume  G  is  a  Berge  graph  containing  a  co-connected  set  S  and 
an  odd  chordless  path  P  =  u,  u\  . . . ,  v',  v  disjoint  from  S  of  length  at  least 
3  such  that  u,  v  are  both  universal  for  the  set  S.  Furthermore,  assume  that 
G  \  (S  U  V (P))  contains  a  node  w  universal  for  S  such  that  no  intermediate 
node  of  P  is  adjacent  to  w.  Then  an  odd  number  of  edges  of  P  see  S. 

Proof:  Assume  not.  Then,  by  Lemma  4,  either  |P|  =  3  and  S  U  {u',v'} 
contains  an  odd  anti-path  Q  between  v!  and  v',  or  |P|  >  5  and  there  exist 
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two  nonadjacent  nodes  x,  x'  in  S  such  that  x,  u',  Pu>v>,  ?/,  x',  w  is  a  chordless 
path.  In  the  first  case,  w,  u! ,  Q,  ?/,  w  is  an  odd  anti-hole,  and  in  the  other 
case  w,  x ,  u\  Pu>vi,v',  x ',  w  is  an  odd  hole,  a  contradiction.  □ 


3  Definitions 

A  wheel ,  denoted  by  (H,v),  is  a  graph  induced  by  a  hole  H  and  a  node 
v  f  V(H)  having  at  least  three  neighbors  in  H.  A  wheel  is  odd  if  it  contains 
an  odd  number  of  triangles.  A  wheel  ( H ,  v)  is  a  twin  wheel  if  v  has  exactly 
three  neighbors  in  H  and  (H,  v)  contains  exactly  two  triangles;  the  neighbor 
of  v  in  H  that  is  adjacent  to  all  the  other  neighbors  of  v  in  H  is  said  the 
twin  ofv  in  H.  A  wheel  (H,  v )  is  a  line  wheel  if  v  has  exactly  four  neighbors 
in  H  and  (H,  v )  contains  exactly  two  triangles  and  these  two  triangles  have 
only  the  center  v  in  common.  A  universal  wheel  is  a  wheel  ( H ,  v)  where  the 
center  v  is  adjacent  to  all  the  nodes  of  H.  A  triangle-free  wheel  is  a  wheel 
containing  no  triangle.  These  four  types  of  wheels  are  depicted  in  Figure  1, 
where  solid  lines  represent  edges  and  dotted  lines  represent  paths.  A  proper 
wheel  is  a  wheel  that  is  not  any  of  the  above  four  types. 

A  3PC(xix2x3,y)  is  a  graph  induced  by  three  chordless  paths  P 1  = 
X\, . . . ,  y,  P2  =  X‘2 1 ...  ,y  and  P3  =  x3, . . . ,  y,  having  no  common  nodes 
other  than  y  and  such  that  the  only  adjacencies  between  nodes  of  P7  \  y  and 
P1  \  y,  for  i,j  G  {1,2,3}  distinct,  are  the  edges  of  the  clique  of  size  three 
induced  by  {aq,  X2,  x3}.  Also,  at  most  one  of  the  paths  P1,  P1 ,  P3  is  an  edge. 
We  say  that  a  graph  G  contains  a  3P(7(A, .)  if  it  contains  a  3PC'(xiX2rr3,  y) 
for  some  x\,x2,  x3, y  G  V(G). 

Remark  6  Since  both  odd  wheels  and  3P(7(A,  •) ’s  contain  an  odd  hole,  they 
are  never  contained  in  a  Berge  graph  as  an  induced  subgraph. 

The  following  graphs  will  play  an  important  role  in  this  paper. 

Definition  7  A  3PC(xiX2x3,  2/12/22/3)  Is  a  graph  induced  by  three  chordless 
paths  P1  =  xi, . . . ,  y\,  P2  =  x2, ...  ,y2  and  P3  =  x3, ... ,  y3,  having  no  com¬ 
mon  nodes  and  such  that,  fori,j  G  {1,2,3}  distinct,  Xi  is  not  adjacent  to  yj 
and  the  only  adjacencies  between  nodes  ofV(Pl)  \  {yi}  and  V(P:i )  \  {yj}  are 
the  edges  of  the  clique  of  size  three  induced  by  {xi,x2,x3}  and  the  only  ad¬ 
jacencies  between  nodes  of  V (P*)  \  {x^}  and  V (P-7)  \  {xj},  for  i,j  G  {1,2,3} 
distinct,  are  the  edges  of  the  clique  of  size  three  induced  by  {y\,  y2,  y3}.  We 
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line  wheel 


twin  wheel 


universal  wheel  triangle-free  wheel 

Figure  1:  Wheels 


Figure  2:  Connected  diamonds 
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say  that  a  graph  G  contains  a  3PC(A,  A)  if  it  contains  a  3PC  {x\X2Xz,yiy2yz) 
for  some  xi,x2,x3,yi,y2,y3  €  V(G).  We  say  that  a  3PC(xiX2X3,y1y2y3)  is 
long  if  Pi,  P2  and  P3  are  not  all  of  length  1. 

Definition  8  Connected  diamonds  consist  of  two  node  disjoint  sets  {ai, . . . ,  a4} 
and  {61, . . . ,  64}  each  of  which  induces  a  diamond  (the  graph  on  four  nodes 
with  five  edges)  such  that  aia4  and  6164  are  not  edges,  together  with  four 
chordless  paths  P1, ...  ,P4  such  that  for  i  =  1, . . . ,  4,  Pl  is  a  path  between  ai 
and  hi.  Paths  P1, ...  ,P4  are  node  disjoint  and  the  only  adjacencies  between 
them  are  the  edges  of  the  two  diamonds. 

Let  H  be  a  hole  and  let  Xi,x2,X3,yi,y2,y3  be  distinct  nodes  of  H  such 
that  To  is  adjacent  to  X\  and  X3,  and  y2  is  adjacent  to  y\  and  y3 .  We  say 
that  ( H,x,y )  is  a  double  beetle  if  x  and  y  are  not  adjacent,  x  is  adjacent  to 
x\,X2,xz  and  tjo ,  and  y  is  adjacent  to  tj\ ,  y2 ,  yz  and  x2.  Note  that  a  double 
beetle  is  a  special  case  of  connected  diamonds. 

Definition  9  Given  a  graph  G  and  e  =  uv  G  E(G),  the  graph  G'  obtained 
by  subdividing  e  is  the  graph  obtained  from  G  by  deleting  the  edge  e  and 
adding  one  node  w  adjacent  only  to  u  and  v.  Given  two  graphs  G  and  G' ,  G' 
is  a  subdivision  of  G  if  G'  can  be  obtained  from  G  by  iteratively  subdividing 
edges  of  G.  We  say  that  G'  is  a  bipartite  subdivision  of  G  if  G'  is  a  bipartite 
graph  that  is  a  subdivision  of  G. 

A  class  of  graphs  that  will  play  an  important  role  in  this  paper  is  the 
class  of  line  graphs  of  bipartite  subdivisions  of  K4  (the  clique  on  four  nodes). 
An  example  is  depicted  in  Figure  3. 

4  Hubs 

Let  H  be  a  hole  and  N  C  V{H).  We  say  that  two  nodes  of  N  are  consecutive 
if  at  least  one  of  the  two  subpaths  of  H  joining  them  contains  no  node  of  N 
in  its  interior. 

Theorem  10  Let  G  be  a  Berge  graph,  H  a  hole  of  length  at  least  6,  and  S 
a  co-connected  set  of  nodes  in  G\  V(H).  One  of  the  following  holds: 

(1)  an  even  number  of  edges  of  H  see  S,  or 
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Figure  3:  Bipartite  subdivision  of  a  K,{  and  its  line  graph. 

(2)  S  contains  nonadjacent  nodes  x,y  such  that  (H,x)  and  ( H,y )  are  twin 
wheels  and  exactly  one  edge  of  H  sees  both  x  and  y  or 

(3)  S  contains  a  node  x  with  exactly  2  neighbors  u  and  v  in  H,  where  u 
and  v  are  adjacent. 

Proof:  The  proof  is  by  induction  on  |£|  +  \H\.  When  |i>|  =  1,  the  theorem  is 
immediate,  since  we  already  observed  that  G  cannot  contain  an  odd  wheel. 
We  can  therefore  assume  that  S  has  at  least  2  nodes.  Also,  by  inductive 
hypothesis,  for  every  co-connected  set  S'  C  S ,  Es>(H )  is  even,  else  (2)  or  (3) 
holds. 

If  \Es{H)\  is  even,  then  we  are  done.  Hence,  assume  that  \Es(H)\  is  odd 
and  let  uv  G  Es(H). 

Claim  1  Es(H)  =  {uv}  and  no  other  node  in  H  is  universal  for  S. 

Assume  not,  then  there  exists  an  odd  chordless  subpath  P  =  xi, . . . ,  xn  of  H 
such  that  |P|  >  3,  X\  and  xn  are  both  universal  for  S  and  no  intermediate 
node  of  P  is  universal  for  S.  Since  P  does  not  contain  both  u  and  v,  let 
w  G  {u,  u}  \  V(P).  Then  the  choice  of  S,  P  and  w  contradicts  Lemma  5. 

Let  Si  and  s2  be  two  nodes  at  maximum  distance  in  G[S],  and  let  P'  be 
a  shortest  anti-path  between  si  and  s2  in  S.  Let  Si  =  S  \  S\ ,  S2  =  S  \  s2  and 
S'  —  Si  fl  S'2.  By  our  choice  of  si  and  s2,  Si,  So  and  S'  are  all  co-connected. 
Claim  2  P'  has  odd  length. 

Since  EsfH)  \  {uv}  0,  for  i  =  1,2,  and  no  node  universal  for  Si  in 
V(H)  \  {u,v}  is  also  universal  for  ,S'2,  then,  since  \H\  >  6,  there  exist  two 


10 


nonadjacent  nodes  z\  and  z2  in  V(H)  \  {u,v}  such  that  z\  (resp.  z2)  is 
universal  for  S\  (resp.  S2 )  but  not  for  S2  (resp.  S'i).  Therefore,  if  P'  has 
even  length,  then  (zi,  Si,  P',  s2,  z2,  Z\)  is  an  odd  anti-hole,  a  contradiction. 

Let  ,  Uk+i  be  all  the  nodes  of  H  that  are  universal  for  .S'i  or  S2  in 

the  order  they  appear  going  from  u  to  v  in  H  \  uv.  By  definition,  ui  =  u, 
Uk+ 1  =  v.  For  every  i,  1  <  i  <  k,  let  Pi  be  the  path  from  Ui  to  ul+i  in  H\uv. 
Obviously,  for  every  i,  1  <  i  <  k,  no  node  in  the  interior  of  Pi  is  universal 
for  Si  or  S2.  Since  ESi(H)  \  {uv}  ^  0,  *  =  1, 2,  then  k  >  2. 

Claim  3  There  exists  j,  1  <  j  <  k,  such  that  P:j  is  an  odd  path  of  length  at 
least  3,  Uj  is  universal  for  Si  but  not  for  S2  and  Uj+ 1  is  universal  for  S2  but 
not  for  Si . 

For  any  i,  1  <  i  <  k,  if  Pi  has  length  1  then  Ui'ut+i  €  ( Es1{H )  U  Es2{H ))  \ 
{ uv },  otherwise  we  may  assume,  w.l.o.g.,  that  Si  is  adjacent  to  ;/7  but  not 
|_i  and  s2  is  adjacent  to  ut+i  but  not  ut .  Since  \H\  >  6,  then  either  u 
or  v  is  not  adjacent  to  v„,  and  u,l+i,  say,  w.l.o.g.,  u.  But  then,  by  Claim  2, 
(n,  ui+ 1,  si,  P\  s2,  ui:  u)  is  an  odd  anti-hole,  a  contradiction. 

Since  H  \  uv  is  an  odd  chordless  path,  then  there  is  an  odd  number  of  paths 
Pi,  1  <  i  <  k  oi  odd  length.  By  Claim  1,  Es1{H )  fl  Es2(H )  =  {uv}, 
so  Es1(H )  U  Es2(H)  \  {uv}  has  even  cardinality,  therefore  there  exists  j, 
1  <  i  <  fc,  such  that  Pj  is  an  odd  path  of  length  at  least  3.  If  both  Uj  and 
Uj+ 1  are  universal  for  S'i  (resp.  S2),  then  by  Lemma  5  applied  to  Si  (resp. 
S2),  Pj  and  either  node  u  or  node  v  (since  one  of  the  two  has  no  neighbor 
in  the  interior  of  Pj),  Pj  has  an  odd  number  of  edges  that  see  Si  (resp.  S2), 
so  there  is  a  node  in  the  interior  of  Pj  that  is  universal  for  Si  (resp.  S2),  a 
contradiction.  Hence  Pj  satisfies  Claim  3. 

Let  u! ,  v'  be,  respectively,  the  neighbors  of  u  and  u  in  H  \  uv. 

Claim  4  Theorem  10  holds  if  |S|  =2. 

Assume  |S|  =  2.  Let  Pj  be  the  path  defined  in  Claim  3.  If  Uj  =  u'  and 
Uj+ 1  =  v',  then  Theorem  10  (2)  holds.  Hence  we  may  assume,  w.l.o.g., 
u!  7^  Uj,  but  then  (m,  s2,Uj,  Pj,  Uj+\,  Si,u)  is  an  odd  hole,  a  contradiction. 

By  Claim  4,  we  may  assume  |S|  >  3 
Claim  5  S  is  a  stable  set. 

Since  S'  /  0,  then  by  Lemma  5  applied  to  S',  Pj  and  u,  there  is  an  odd 
number  of  edges  in  Pj  that  see  S'.  Hence  there  exists  a  node  z  in  the  interior 
of  Pj  that  is  universal  for  S'.  If  S  is  not  a  stable  set,  P'  is  an  odd  anti-path  of 
length  at  least  3,  therefore  (z,  si,  P' ,  s2,  z)  is  an  odd  anti-hole,  a  contradiction. 
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Let  si,  S2,  S3  G  S  and  let  Si  =  S  \  i  =  1, 2, 3. 

Since  EsjH)  \  {uv}  has  odd  cardinality,  i  =  1,2,3,  then,  given  e  G 
ESi(H )  \  {mu},  e'  G  ESj(H)  \  {uv},  for  1  <  i  <  j  <  3,  by  Claim  1  e  and 
e'  have  no  endnode  in  common,  hence  there  exists  k  G  {1,2,3}  and  an  edge 
yy'  G  ESk(P )  such  that  {?/,?/}  fl  {«', u'}  =  0.  For  every  pair  s,t  of  nodes 
of  H,  let  us  denote  by  Hst  the  path  between  s  and  t  in  H  \uv.  Assume  y 
is  closer  to  u  in  H  \  uv  than  y' .  Let  z  be  the  neighbor  of  s*.  closest  to  y  in 
Huy  and  z'  be  the  neighbor  of  Sk  closest  to  1/  in  Hy>v.  By  Claim  1,  y  =L  z 
and  y'  7^  z' .  Hzzi  is  even,  otherwise  (sfc,  z,  Hzz>,  z' ,  Sk)  would  be  an  odd  hole, 
therefore  either  Hzy  and  Hyzi  are  both  odd  paths,  or  Hzyi  and  Hy/Zi  are  both 
odd  paths.  Let  w  G  {y,y'}  be  such  that  Hzw  and  Hwzt  are  both  odd  paths. 
Since  H  is  an  even  hole,  then  either  Huw  or  Hwv  has  even  length.  Assume, 
w.l.o.g.,  that  Huw  is  an  even  path.  Let  G1  be  the  graph  induced  by  S  together 
with  v  and  Huw ,  plus  a  new  edge  wv.  Let  H'  =  (u,  Huw,w,v,u);  H'  is  an 
even  hole  in  G' .  In  particular,  H'  must  have  length  at  least  6,  otherwise  z 
is  adjacent  to  u ,  w  is  adjacent  to  2  and,  given  any  node  s  in  Sk  that  is  not 
adjacent  to  z,  (s,  w,  z,  s*.,  v,  s )  is  a  5-hole  in  G. 

Claim  6  G'  is  a  Berge  graph. 

Assume  not.  Then  G'  contains  either  an  odd  hole  or  an  odd  anti-hole.  If  G' 
contains  an  odd  hole  Q,  then  Q  must  contain  wv,  otherwise  Q  would  be  an 
odd  hole  in  G.  Also,  Q  must  contain  a  node  in  S,  otherwise  Q  =  H'  that  is 
an  even  hole.  Since  every  node  in  Sk  is  adjacent  to  both  w  and  v,  Q  must 
contain  exactly  one  node  in  S,  namely  s&.  The  only  hole  in  G'  containing  Sk, 
w  and  v  is  (z,  Pzy,w,v,  Sk,  z),  which,  by  construction,  is  even.  If  G'  contains 
an  odd  anti-hole  Q,  then  Q  contains,  at  most,  two  nodes  in  S,  since  S'  is  a 
stable  set,  and  at  most  four  nodes  in  H since  every  subset  of  nodes  of  H' 
with  at  least  five  elements  contains  a  stable  set  of  size  3.  But  then  Q  is  a 
5-anti-hole,  therefore  Q  is  also  a  5-hole,  a  contradiction. 

Since,  by  construction,  Huw  and  Hwv  have  both  length  at  least  2,  EL'  has 
length  strictly  smaller  than  H .  Therefore,  by  induction,  Theorem  10  holds 
in  G"  for  H'  and  S.  Since  ES(H')  =  {uv}  and  every  node  of  S  has  at  least 
three  neighbors  in  H' ,  then  the  only  possibility  is  that  z  is  adjacent  to  u  and 
there  exists  a  node  s  in  Sf,:  whose  only  neighbors  in  H'  are  u ,  v  and  w.  But 
then,  in  G ,  (z,  Hzw,w,  s,  v,  z)  is  an  odd  hole,  a  contradiction  □ 

Note  that  an  edge  set  C  of  H  of  even  cardinality  induces  a  bicoloring  of 
the  nodes  of  H :  two  nodes  of  H  are  colored  with  distinct  colors  if  and  only 
if  the  subpaths  of  H  connecting  them  contain  an  odd  number  of  edges  in  C. 
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Definition  11  Given  a  Berge  graph  G,  a  hub  of  G  is  a  pair  (H,  S )  where 
H  is  a  hole  of  G  of  length  at  least  6  and  S  is  a  co-connected  set  in  G\V  (H) 
that  sees  a  positive  even  number  of  edges  of  H.  A  sector  of  a  hub  ( H ,  S)  is 
a  maximal  subpath  of  H  containing  no  edge  of  ES(H). 

Remark  12  Let  G  be  a  Berge  graph  and  ( H ,  S)  a  hub  of  G.  Then  the 
endnodes  of  a  sector  are  endnodes  of  edges  of  E${H)  and  every  sector  of 
(. H ,  S )  has  even  length. 

Proof:  By  maximality  in  the  definition  of  sector,  every  endnode  of  a  sector 
must  be  an  endnode  of  an  edge  in  E${H).  Assume  there  exists  a  sector 
P  =  x i,...,xn  of  (H.  S )  of  odd  length.  Let  w  be  the  endnode  of  some  edge 
in  Es(H)  distinct  from  x\  and  xn.  Since  both  x\  and  xn  are  universal  for  S 
and  P  has  length  at  least  3,  then  by  Lemma  5  applied  to  S,  P  and  w,  there 
is  an  odd  number  of  edges  of  P  that  sees  S,  a  contradiction.  □ 

Corollary  13  Let  G  be  a  Berge  graph  and  (H,  S )  be  a  hub  of  G.  Let  y  G 
V (G)  \  (V (H)  U  S)  be  a  node  that  sees  an  odd  number  of  edges  in  a  sector  of 
(. H,S ).  Assume  SUy  is  co-connected.  Then 

(i)  y  has  exactly  two  neighbors  in  H  and  they  are  adjacent  or 

(ii)  There  exists  x  G  S  not  adjacent  to  y  such  that  (H,x)  and  ( H,y )  are 
twin  wheels  and  exactly  one  edge  of  H  sees  both  x  and  y  or 

(in)  S  contains  a  node  x  not  adjacent  to  y  such  that  (H,y)  and  (H,x)  are 
both  line  wheels  and  no  edge  of  H  sees  both  x  and  y  or 

(iv)  \H\  —  6,  ( H,y )  is  a  line  wheel  and  S  U  y  contains  an  odd  chordless 
anti-path  Q  of  length  at  least  3  between  y  and  a  node  x  such  that  ( H ,  x) 
is  a  line  wheel,  no  edge  of  H  sees  both  x  and  y  and  every  intermediate 
node  of  Q  is  adjacent  to  every  node  in  H. 

Proof:  If  y  has  exactly  two  neighbors  in  H  then  conclusion  (£)  holds.  Assume 
then  that  y  has  at  least  3  neighbors  in  H.  If  ESUy(H )  has  odd  cardinality, 
then,  by  Theorem  10,  conclusion  (ii)  holds.  So  Es^y{H)  has  even  cardinality. 
Since  there  is  an  even  number  of  edges  of  H  that  sees  y  and  y  sees  an  odd 
number  of  edges  in  some  sector  of  (. H ,  S),  then  there  are  at  least  2  sectors  P  = 
X\ , ,Xh  and  P'  =  of  (H,  S )  such  that  an  odd  number  of  edges 
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of  P  and  P',  respectively,  sees  y.  Let  y\ ,  y2,  (resp.  y\ ,  y2)  be  the  neighbors 
of  y  in  P  (resp.  P')  closest  to  X\  and  (resp.  x\  and  x'k)  respectively. 

Since  an  odd  number  of  edges  of  P  sees  y,  then  PXiyi  and  Py2Xh  have 
length  of  distinct  parity.  We  can  therefore  assume  that  PXiyi  has  odd  length 
and  Py2xh  has  even  length.  Analogously,  assume  that  P' ,  ,  has  odd  length 
and  Py'2x'k  has  even  length. 

If  yi  and  y2  are  nonadjacent,  then  F  =  x\ ,  PXlVl,yi,y,y2,  Py2Xh,Xh  is  an  odd 
path  so,  by  Lemma  5  applied  to  S,  F  and  x[ ,  F  has  an  odd  number  of  edges 
that  see  S,  contradicting  either  the  definition  of  sector  or  the  assumption 
that  SUy  is  co-connected.  Hence  yyy2  is  an  edge  and,  analogously,  y[y2  is  an 
edge.  Let  now  F  —  x\,  PXiyi,yi,y,  y2,  Py'2x'k ■  If  A  is  a  chordless  path  then  F  is 
odd  and  by  Lemma  5  applied  to  S,  F  and  x\ ,  F  has  an  odd  number  of  edges 
that  see  S,  a  contradiction.  Therefore  F  is  not  a  chordless  path,  but  then 
Xi  must  be  adjacent  to  x'k.  Analogously,  by  repeating  the  previous  argument 
for  F'  =  x\ ,Px'1y'1,y[,y,y2,Py2Xh,  Xh  must  be  adjacent  to  xj.  Therefore  (H,y) 
is  an  L- wheel. 

Case  1:  \H\  >  6 

Then,  w.l.o.g.,  H'  =  (x[,  Px'^,y\,y,  y2 ,  POT*h,  xh,  x[)  is  a  hole  of  length  at 
least  6.  Since  ES(H')  =  {x[xh } .  Theorem  10  applies. 

Case  1.1:  Conclusion  (3)  of  Theorem  10  holds. 

Then  there  exists  a  node  x  in  S  such  that  the  only  neighbors  of  x  in  H' 
are  Xh  and  x\ .  Since  x  sees  an  odd  number  of  edges  in  a  sector  of  ( H,y ), 
then,  by  the  previous  argument,  (H,  x)  is  an  L-wheel  and  (iii)  holds. 

Case  1.2:  Conclusion  (2)  of  Theorem  10  holds. 

Then  there  exists  two  nodes  x  and  x'  in  S  such  that  (H1,  x)  and  (H',  xr) 
are  both  twin  wheels.  Let  w,  w'  be,  respectively,  the  neighbors  of  x  and 
x1  in  V(H')  \  {xhx[}  and  let  F  be  the  path  between  w  and  w'  induced  by 
V(H')  \  {xh,x[}.  Since  F  has  odd  length,  [x\,  x,  w,  F,  wr,  x',  X\)  is  an  odd 
hole,  a  contradiction. 

Case  2:  \H\  =  6 

Then  y2  =  xy,  and  y'2  =  x'k.  Since  yi  and  y[  are  not  universal  for  S  and 
S  U  y  is  co-connected,  let  Q  be  a  shortest  anti-path  in  S  U  y  from  y  to  a 
node  x  that  is  not  adjacent  to  both  tj\  and  y[.  Assume,  w.l.o.g.,  that  x  is  not 
adjacent  to  yi,  then  (y,Q,x,yi,x[,y)  is  an  anti-hole,  therefore  Q  must  be 
an  odd  anti-path.  If  x  is  adjacent  to  y[ ,  then  (y,  Q,  x,  y±,  y[,xi,y)  is  an  odd 
anti-hole,  a  contradiction.  Therefore  ( H ,  x)  is  a  line  wheel.  If  Q  has  length 
1  then  (iii)  holds,  else  (iv)  holds.  □ 
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5  Connections  from  blue  to  red  sectors  of  a 
hub 

Let  P  be  a  connected  subgraph  of  G  \  ( H  U  S).  The  attachments  of  P  to  H 
are  the  nodes  of  H  adjacent  to  at  least  one  node  of  P. 

Theorem  14  Let  ( H ,  S )  be  a  hub  of  a  Berge  graph  G.  Let  P  =  xi, . .  ,S:  xn 
be  a  minimal  chordless  path  in  G\  (V(H)  U  S)  containing  no  node  that  is 
universal  for  S,  such  that  x\  has  a  blue  neighbor  in  H  and  xn  has  a  red 
neighbor  w.r.t.  the  bicoloring  induced  by  Es(H)  (n  =  1  is  allowed).  If  there 
exist  consecutive  attachments  of  P  with  distinct  colors  that  are  not  adjacent, 
then  one  of  the  following  holds. 

(a)  There  exists  y  E  S  such  that  V (H)  U  V (P)  U  {?/}  induces  the  line  graph 
of  a  bipartite  subdivision  of  K±. 

(b)  n  =  1,  \H\  —  6,  (H,xi)  is  a  line  wheel  and  S(Jxi  contains  a  chordless 
odd  anti-path  Q  of  length  at  least  3  between  x\  and  a  node  y  E  S  such 
that  ( H ,  y)  is  a  line  wheel,  no  edge  of  H  sees  both  x1  and  y  and  every 
intermediate  node  of  Q  is  adjacent  to  every  node  in  H. 

(c)  There  exists  y  E  S  such  that  V(H)  U  V(P)  U  {y}  induces  connected 
diamonds. 

(d)  n  =  1  and  there  exists  y  E  S  nonadjacent  to  X\  such  that  (H,x i)  and 
(. H,y )  are  twin  wheels  and  exactly  one  edge  of  H  sees  both  x1  and  y. 

(e)  There  exists  y  E  S  such  that  ( H,y )  is  a  twin  wheel,  no  node  of  P  is  a 
neighbor  of  y,  X\  is  adjacent  to  the  twin  of  y  in  H  and  no  other  node 
in  H  while  xn  is  not  adjacent  to  both  the  other  neighbors  of  y  in  H . 

(f)  n  =  1,  H  contains  a  subpath  u,  z,  w,  z\  u'  such  that  ES(H )  =  {wz,  wz'}, 
x'i  is  adjacent  to  u,  w  and  u'  but  not  z  and  z' ,  PUiri  contains  a  chordless 
odd  anti-path  Q  of  length  at  least  3  between  x\  and  a  node  y  E  S  such 
that  y  is  nonadjacent  to  u  and  u'  and  every  intermediate  node  of  Q  is 
adjacent  to  both  u  and  u' . 

(g)  n  =  1,  H  contains  a  subpath  w,z,u,z',wr  such  that  wz  and  w'z'  are 
edges  of  E${H),  x\  is  adjacent  to  u,  w  and  w'  but  not  z  and  z! ,  S  U  Xi 
contains  an  even  anti-path  Q  between  x1  and  a  node  y  E  S  such  that 
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y  is  nonadjacent  to  u  and  every  intermediate  node  of  Q  is  adjacent  to 
u.  Furthermore,  every  node  in  V(H)  \  { z ,  z'}  that  is  universal  for  S  is 
adjacent  to  X\. 

(h)  n  >  1,  H  contains  a  subpath  w,  z,u,  z',w'  such  that  wz  and  w'z'  are 
edges  of  ES(H),  x\  is  adjacent  w  and  w '  but  not  u,  z  and  z' ,  while 
xn  is  adjacent  to  u  but  not  w,  z,  w'  and  z' .  Furthermore  S  contains 
two  nonadjacent  nodes  y  and  y'  such  that  the  only  neighbors  of  y  in 
V(P)  U  {w,  z,  u,  z' ,  w'}  are  u,  z,  z' ,  w,  w'  while  the  only  neighbors  of 
y'  in  V (F)  U  {w,  z,  u,  z' ,  w'}  are  X\,  z,  z' ,  w,  w' . 

(k)  n  >  1,  H  =  (v,w,z,u,z',w',v),  ES(H )  =  {wz,w'z'},  X\  is  adjacent 
only  to  v  in  H  and  xn  is  adjacent  only  to  u  in  H.  Furthermore,  S 
contains  two  nonadjacent  nodes  y  and  y'  such  that  y  and  y'  are  adjacent 
to  every  node  in  H  except  v  and  u,  respectively,  and  no  node  in  P  is 
adjacent  to  y  or  y' . 

Proof:  Note  that,  by  the  minimality  assumption  on  P ,  no  intermediate  node 
of  P  has  a  neighbor  in  H. 

Case  1:  x\  or  xn  sees  an  odd  number  of  edges  in  some  sector  of  ( H ,  S ). 

Assume,  w.l.o.g.,  that  x\  sees  an  odd  number  of  edges  in  some  sector 
of  ( H,S ):  then  conclusion  (i),  (ii),  (iii)  or  (iv)  of  Corollary  13  holds.  If 
conclusion  (ii)  of  Corollary  13  holds,  then  (d)  holds.  If  conclusion  (iii)  of 
Corollary  13  holds,  n  =  1  and  there  exists  y  in  S  non  adjacent  to  X\  such 
that  ( H ,  x\)  and  (Ft,  y)  are  line  wheels  and  no  edge  in  H  sees  both  x\  and  y, 
but  then  one  can  verify  that  V( H)  U  {xi,y}  is  the  line  graph  of  a  bipartite 
subdivision  of  K 4,  so  (a)  holds.  If  conclusion  (iv)  of  Corollary  13  holds, 
then  (b)  holds.  Therefore  we  can  assume  that  conclusion  (i)  of  Corollary  13 
holds  and  X\  has  exactly  two  neighbors  u,u!  in  H,  u  and  u'  are  adjacent 
and  they  are  both  blue.  If  xn  has  exactly  one  neighbor  t  in  H ,  then  there  is 
a  3PC(xiuu' ,t).  If  xn  has  two  neighbors  in  H  that  are  not  adjacent,  then 
there  is  a  3PC(xiuu'  ,xn).  Hence  xn  has  exactly  two  neighbors  v  and  v'  in 
H  and  they  are  adjacent  and  both  red.  Assume  that  u  and  v  are  consecutive 
attachments  of  P  and  v'  are  consecutive  attachments  of  P.  W.l.o.g., 
u  and  v  are  non  adjacent.  Let  Huv  and  Hu>v>  be,  respectively,  the  paths 
between  u  and  v  and  between  v!  and  v'  in  H  such  that  no  intermediate  node 
of  Huv  or  Ftuivi  is  an  attachment  of  P.  Since  u  and  v  are  nonadjacent,  then 
H'  =  (u.  Huv,  v,  xn.  P.  x'i)  is  a  hole  of  length  at  least  6  and,  since  u  and  v 
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have  distinct  colors  and  no  node  in  P  is  universal  for  S,  an  odd  number  of 
edges  of  if'  see  S.  Also  if"  =  (ur ,  Hu>v> ,v' ,  xn,  P,  x i)  is  a  hole  (possibly  of 
length  4)  and  an  odd  number  of  edges  of  if "  sees  S.  By  Theorem  10,  exactly 
one  edge  wz  of  H'  and  one  edge  of  w'z'  of  H"  sees  S  and  one  of  the  following 
cases  holds. 

Case  1.1:  There  exists  a  node  y  G  S  such  that  y  has  only  two  neighbors 
in  //'. 

But  then  y  sees  an  odd  number  of  edges  in  Hu>v> ,  so  y  must  see  exactly  one 
edge  in  Hu>v>,  otherwise  V(Hu/vi)  U  V(P)  U  {y}  would  induce  an  odd  wheel. 
But  then  ( if ,  y)  is  a  line  wheel  and  one  can  verify  that  V ( if )  U  V (P)  U  {y} 
induces  the  line  graph  of  a  bipartite  subdivision  of  Ah,  hence  (a)  holds. 

Case  1.2:  There  exist  non  adjacent  nodes  y,y'  G  S  such  that  (H1 ,  y)  and 
(if',  y')  are  twin  wheels. 

Let  t  and  t'  be  the  neighbors  of  y  and  y',  respectively,  in  V (PI')  \  {w,  zj. 
If  u'  and  v'  are  nonadjacent,  then  at  least  one  node  among  w'  and  z'  has 
no  neighbor  in  P,  say  w',  but  then  (V(if')  U  {iv',y,y'})  \  {w,z}  induces  an 
odd  hole,  a  contradiction.  In  particular,  w.l.o.g.  t  =  u  and  t'  =  v,  else 
(if,  y)  or  (if,  y')  is  an  odd  wheel.  Since  if'  is  even,  P  must  be  odd,  therefore 
(y,  u,  Xi,  P,  xn ,  v',  y)  is  an  odd  hole,  a  contradiction. 

Case  2:  Both  x\  and  xn  see  an  even  number  of  edges  in  every  sector  of 

Let  u  and  v  be  two  consecutive,  nonadjacent  attachments  of  P  with  dis¬ 
tinct  colors  in  the  bicoloring  of  if  induced  by  Es{H).  Assume,  w.l.o.g.,  v 
is  adjacent  to  x\  and  u  to  xn.  Let  Huv  be  a  subpath  of  if  between  u,  and 
v  containing  no  attachments  of  P  except  u  and  v.  Since  u  and  v  have  dis¬ 
tinct  colors,  Huv  contains  an  odd  number  of  edges  of  ES(H ),  therefore  the 
hole  if'  =  (xi,  P,  xn,u,  Huv,v,xi)  has  an  odd  number  of  edges  that  see  S, 
otherwise  P  would  contain  some  node  universal  for  S.  By  Theorem  10,  if' 
must  contain  a  unique  edge  of  Es(H),  say  edge  zw,  and  no  node  universal 
for  S  except  z  and  w.  Assume,  w.l.o.g.,  that  z  is  one  endnode  of  the  sector 
Z  containing  u,  and  let  z'  be  the  other  endnode  of  Z .  Let  w'  be  the  neighbor 
of  z'  in  I7 (if)  \  V(Z);  hence  z'vJ  G  Es{H).  Since  if'  is  an  even  hole,  Huv 
has  length  of  the  same  parity  as  P.  Since  u  and  v  are  nonadjacent,  we  may 
assume,  w.l.o.g,  that  u  and  z  are  distinct.  Let  Huz  be  the  path  between  u 
and  z  in  Huv  and  Hwv  be  the  path  between  w  and  v  in  Huv. 

Case  2.1:  w  =  w' . 
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Then  w  =  w'  =  v  and  Es(H)  =  {wz,wz'}. 

Case  2.1.1:  There  exists  a  node  y  €  S  whose  only  neighbors  in  if'  are 
w  and  z. 

If  (if,  y )  is  a  twin  wheel,  then  case  (e)  applies.  If  (if,  y )  is  not  a  twin 
wheel,  y  has  at  least  a  neighbor  in  V ( H )  \  {w,  z,  z'}.  If  u  is  the  only  neighbor 
of  xn  in  Z,  then  G  contains  a  3 PC(zwy,u),  hence  xn  has  a  neighbor  in  Z 
distinct  from  u.  Furthermore,  since  xn  sees  an  even  number  of  edges  in  Z, 
xn  has  a  neighbor  in  Z  that  is  not  adjacent  to  u.  If  y  has  a  neighbor  in  Z 
that  is  not  adjacent  to  u,  then  there  is  a  3 PC(zwy,  xn),  hence  y  has  a  unique 
neighbor  t  in  Z  and  t  is  adjacent  to  u.  Furthermore,  t  is  adjacent  to  xn , 
else  there  is  a  3 PC(zwy,u).  Let  v!  be  the  neighbor  of  xn  in  Z  closest  to  z' , 
then  v!  ^  t.  If  v!  is  not  adjacent  to  t,  then  there  is  a  3 PC(xntu,y).  So  v!  is 
adjacent  to  t  and  hence  V(H )  UV(P)  U  {y}  induces  connected  diamonds,  so 
conclusion  (c)  holds. 

Case  2.1.2:  Every  node  in  S  has  at  least  3  neighbors  in  H'. 

If  |if'|  >  6  then,  by  Theorem  10,  S  contains  two  nonadjacent  nodes  y 
and  y!  such  that  (if',  y )  and  (if',  y')  are  twin  wheels  and  wz  is  the  only  edge 
of  if'  that  sees  both  y  and  y' .  But  then  (‘ V(H')  U  {y,  y'})  \  {w,  z}  induces  an 
odd  path  R  between  y  and  y'  and  (z1,  y,  R,  y\  z')  is  an  odd  hole  unless  z'  is 
adjacent  to  xn.  But  then,  since  xn  sees  an  even  number  of  edges  in  Z,  Hzu 
must  have  even  length.  W.l.o.g.  assume  that  y  is  not  adjacent  to  aq,  then 
(V ( Huz )  U  {y,  z\  xn } )  \  {,:  }  induces  an  odd  hole,  a  contradiction. 

Hence  |if'|  =  4,  so  u  is  adjacent  to  z  and  n  =  1.  Let  u'  be  the  neighbor 
of  x,\  in  Z  closest  to  z' .  Then,  since  x-\  sees  an  even  number  of  edges  in  Z 
and  u  is  adjacent  to  z,  u'  and  z'  have  odd  distance  in  if.  By  repeating  the 
previous  argument  on  the  hole  if"  containing  w,  u'  and  x\  in  V(Z)  U  {x\ ,w} 
instead  of  if',  we  argue  that  v!  and  z!  must  be  adjacent.  Since  u  and  u'  are 
not  universal  for  S,  let  Q  be  a  shortest  possible  anti-path  in  S  U  xy  between 
X\  and  a  node  y  not  adjacent  to  both  u  and  v! .  Assume,  w.l.o.g,  that  y  is  not 
adjacent  to  u.  Q  must  have  odd  length,  or  else  (xi,Q,y,u,  z',X\)  is  an  odd 
anti-hole.  Moreover,  since  every  node  in  S  has  at  least  3  neighbors  in  if',  Q 
has  length  at  least  3.  Finally,  if  u'  is  adjacent  to  y ,  then  (aq,  Q,  y,  u,  u' ,  z,  X\  j 
is  an  odd  anti-hole,  a  contradiction.  Hence  conclusion  (/)  holds. 

Case  2.2:  w  ^  w'. 

Note  that,  since  w'  is  universal  for  S  and  distinct  from  w  and  z,  then  w'  is 
not  in  Huv.  Let  s  be  the  neighbor  of  xn  in  Z  closest  to  z'  and  let  Hszi  be  the 
path  between  s  and  z '  in  Z .  Since  xn  sees  an  even  number  of  edges  in  Z  and 
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Hzu  has  length  of  the  same  parity  as  Hsz>.  Let  F  =  w,  Hwv ,  v,  aq ,  P,  s,  Hszi,  z' . 
Since  H'  is  an  even  hole  and  Hzu  has  the  same  length  as  Hszt ,  F  is  an  odd 
path  between  w  and  z' .  If  z  is  not  adjacent  to  s  then,  by  Lemma  5  applied 
to  S,  F  and  z,  an  odd  number  of  edges  of  F  see  S,  a  contradiction.  Hence 
u  is  the  unique  neighbor  of  xn  in  Z  and  it  is  adjacent  to  z.  Also,  given  any 
node  t  in  V{H)  \  {z,z',wj  universal  for  S,  if  t  is  not  an  attachment  of  P 
then,  by  Lemma  5  applied  to  5,  F  and  t,  an  odd  number  of  edges  of  F  see 
S,  a  contradiction.  In  particular,  w'  must  be  adjacent  to  aq  or  to  v. 

If  w'  is  adjacent  to  v  then  F'  =  w',  v,  aq,  P,  xn,  u,  z  is  an  odd  path,  there¬ 
fore,  by  a  similar  argument,  z!  is  adjacent  to  u  and  w  is  also  adjacent  to  v 
(since  aq  sees  an  even  number  of  edges  in  every  sector,  hence  w  cannot  be 
adjacent  to  aq).  Therefore  \H\  =  6  and,  since  F'  must  have  length  at  least 
5,  by  Lemma  4  there  exists  two  nonadjacent  nodes  nodes  y  and  and  y'  in  S 
such  that  y  is  adjacent  to  every  node  in  H  except  v,  y'  is  adjacent  to  every 
node  in  H  except  u  and  neither  y  nor  y'  has  a  neighbor  in  P,  hence  (k)  holds. 

If  w'  is  adjacent  to  aq  then  F'  =  w',  aq,  P,  xn ,  u,  z  is  an  odd  path,  therefore, 
by  the  usual  argument,  z'  is  adjacent  to  u  and  w  is  adjacent  to  x,\ .  If  |P'|  =  3, 
then  n  =  1  and,  by  Lemma  4,  there  exists  an  odd  anti-path  aq,  Q,  y,  u  between 
aq  and  u  in  S  U  {u,  aq},  hence  case  (g)  holds.  If  |P'|  >  5,  then  by  Lemma  4 
S  contains  two  nonadjacent  nodes  y  and  y'  such  that  y  is  adjacent  to  aq,  z, 
z' ,  w,  w'  an  no  other  node  in  V (P)  U  {w,  z,  u,  z\  w'}  while  y'  is  adjacent  to  u, 
z,  z',  w,  w'  an  no  other  node  in  V (P)  U  {w,  z,  u,  z\  w'},  hence  case  (h)  holds. 

□ 

Given  a  hub  ( H ,  S )  and  an  edge  ab  G  Es(H),  an  ear  on  ab  (with  respect 
to  ( H ,  S  j)  is  a  chordless  path  P  =  aq, . . . ,  xn  in  G  \  (V (H)  U  S )  such  that  aq 
is  adjacent  to  a,  xn  is  adjacent  to  6,  no  node  in  V(H)  \  {a,  b}  has  a  neighbor 
in  P,  no  node  of  P  is  universal  for  S,  and  P  is  minimal  with  these  properties. 

Theorem  15  Let  (P,  S )  be  a  hub  of  a  Berge  graph  G  where  S  is  maximal 
with  the  property  that  (H,S)  is  a  hub.  Let  P  =  aq,...,a;n  be  a  minimal 
chordless  path  in  G  \  ( H  U  S)  containing  no  node  universal  for  S  such  that 
aq  has  a  blue  neighbor  in  H  and  xn  has  a  red  neighbor  (n  =  1  is  allowed).  If 
every  pair  of  consecutive  attachments  of  P  with  distinct  colors  are  adjacent, 
then  one  of  the  following  holds. 

(a)  P  is  an  ear  on  some  edge  of  ES(H). 

(b)  n  >  1,  there  exist  two  adjacent  edges  ab,  be  of  Es(H)  such  that  b  is 
the  only  neighbor  of  aq  in  H  and  xn  is  adjacent  to  a ,  c  and  not  to  b. 
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Moreover,  if  Es(H)  ff  {ab,bc},  then  no  node  of  P  has  a  neighbor  in 
V(H)  \  {a,  b,  c}. 

(c)  n  >  1,  Eg(H )  contains  at  least  two  nonadjacent  edges,  X\  is  adjacent 
to  all  the  blue  endnodes  of  the  edges  of  El  that  see  S  (and  possibly  to 
other  blue  nodes  of  H),  xn  is  adjacent  to  all  the  red  endnodes  of  the 
edges  of  H  that  see  S  (and  possibly  to  other  red  nodes  of  H).  If  n  >  2, 
then  there  exist  nonadjacent  y,z  G  S'  such  that  y  is  adjacent  to  x\  and 
to  no  other  node  of  P,  and  z  is  adjacent  to  xn  and  to  no  other  node 
of  P.  If  n  =  2,  then  S  U  {xi,x2}  contains  an  odd  anti-path  between  X\ 
and  x2  . 


Proof:  Note  that,  by  the  minimality  assumption  on  P ,  no  intermediate  node 
of  P  has  a  neighbor  in  H.  Let  a  and  b  be  two  consecutive  attachments 
of  P  with  distinct  colors.  Then,  by  assumption,  a  and  b  are  adjacent  and 
ab  6  Es(H).  Assume,  w.l.o.g.,  that  a  is  adjacent  to  xn  and  b  is  adjacent  to  X\. 
Let  c  be  the  neighbor  of  b  in  V ( H)\{a }.  If  P  has  no  neighbor  in  V ( H)\{a ,  &}, 
then  P  is  an  ear  of  ab  and  (a)  occurs.  Therefore  we  may  assume,  w.l.o.g.,  that 
xn  has  a  neighbor  in  V (H)  \  {a,  b}.  Note  that  n  >  1,  otherwise  either  S  U  X\ 
sees  a  positive  even  number  of  edges  of  H ,  contradicting  the  maximality  of  S, 
or  ab  is  the  only  edge  of  H  that  sees  S  U  X\,  and  by  Theorem  10  there  exists 
y  G  S  nonadjacent  to  X\  such  that  (H,x i)  and  ( H,y )  are  twin  wheels  and 
exactly  one  edge  of  H  sees  both  x\  and  y,  thus  contradicting  the  assumption 
that  every  two  consecutive  attachments  of  P  with  distinct  colors  are  adjacent. 
Therefore  Xi  has  only  blue  neighbors  and  xn  has  only  red  neighbors.  If  xn 
sees  an  odd  number  of  edges  in  some  sector  of  ( H ,  S )  then,  by  Corollary  13, 
the  only  neighbors  of  xn  in  H  are  a  and  the  neighbor  d  of  a  in  V(H)  \  {b}. 
If  X\  has  no  neighbor  in  V(H)  \  {b},  then  G  contains  a  3PC(xnad,b).  If 
X\  has  two  nonadjacent  neighbors  in  H,  then  G  contains  a  3PC(xnad,Xi). 
Therefore  X\  is  adjacent  to  b,  c  and  no  other  node  in  H.  But  then  c  and  d 
are  consecutive,  non  adjacent  attachments  of  P  with  distinct  colors  in  the 
bicoloring  of  H  induced  by  Es{H ),  a  contradiction.  Therefore  xn  sees  an 
even  number  of  edges  in  every  sector  of  ( H ,  S )  and,  by  the  same  argument, 
also  X\  sees  an  even  number  of  edges  in  every  sector  of  ( H,S ). 

We  may  assume  that  xn  has  at  least  as  many  neighbors  in  H  as  X\  does. 
If  Es{H)  =  {ab,  be}  then  (b)  holds.  Next  we  show  that  if  xn  has  no  neighbor 
in  H  \  {a,  c},  then  (b)  holds.  Suppose  that  xn  has  no  neighbor  in  II  \  {a,  c}. 
Then  xn  is  adjacent  to  c.  If  X\  has  no  neighbors  in  H  \  b  then  (b)  holds. 
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Otherwise  ,  X\  has  exactly  two  neighbors  in  H,  b  and  say  d.  Since  all  pairs 
of  consecutive  attachments  of  P  having  distinct  colors  are  adjacent,  then 
a,  d  and  c,  d  are  adjacent,  hence  \H\  =  4,  contradicting  the  assumption  that 
(. H ,  S)  is  a  hub.  Now  we  may  assume  that  (b)  does  not  hold,  hence  there 
exists  a  red  sector  Z  =  zi, ...  ,Zk  of  (H,  S )  such  that  {a,  c]  ^  {z\,Zk}  and 
such  that  xn  has  a  neighbor  in  V(Z)\{a,  c}.  Assume,  w.l.o.g,  that  z\  ^  {a,  c} 
and  xn  has  a  neighbor  in  V ( Z )  \  {z^}.  Let  Zi  be  the  neighbor  of  xn  of  lowest 
index  in  Z,  and  let  HZlZ.  be  the  subpath  between  z\  and  zt  in  Z .  Note  that 
i  <  k.  Since  xn  sees  an  even  number  of  edges  in  every  sector  of  (H,  S )  and  xn 
has  only  red  neighbors  in  if,  then  HZlZi  has  even  length  (since  xn  is  adjacent 
to  a)  and  also  Zf;  and  zt  have  even  distance  in  Z .  hence  they  are  not  adjacent. 
Moreover,  H'  =  (a,  b,  aq,  P,  xn ,  a)  is  an  even  hole,  therefore  P  is  an  odd  path. 
But  then  F  =  b,  xu  p,  %n,  Zi,HZlZi  ,  Z\  is  an  odd  chordless  path.  If  there  exists 
a  node  w  universal  for  S  in  V(H)  \  {a,b,Zi}  that  has  no  neighbor  in  the 
interior  of  F,  then  Lemma  5  applied  to  S,  F  and  w  implies  that  there  exists 
an  odd  number  of  edges  in  F  that  see  S,  a  contradiction.  Therefore  every 
node  universal  for  S  in  V(H)  \  {a,  b,  z\ }  is  adjacent  either  to  X\  or  to  xn. 
Let  t  be  the  unique  blue  neighbor  of  z\  in  H.  Note  that  t  is  adjacent  to  X\. 
Since  t  and  zz  are  consecutive  attachments  of  P,  they  must  be  adjacent.  So 
xn  is  adjacent  to  z\.  Hence  every  node  of  H  that  is  universal  for  S  must  be 
adjacent  to  X\  or  xn .  In  particular,  X\  is  adjacent  to  all  the  blue  endnodes  of 
the  edges  of  H  that  see  S,  xn  is  adjacent  to  all  the  red  endnodes  of  the  edges 
of  H  that  see  S.  If  n  >  2,  then  F  has  length  at  least  5  and  by  Lemma  4 
there  exist  nonadjacent  y,z  G  S  such  that  y  is  adjacent  to  X\  and  to  no  other 
node  of  P,  and  z  is  adjacent  to  xn  and  to  no  other  node  of  P.  If  n  =  1,  then 
\F\  =  3  and,  by  Lemma  4,  S  U  {ay,  X'2 }  contains  an  odd  anti-path  between 
Xi  and  X‘2-  So  conclusion  (c)  holds.  □ 

In  the  bicoloring  of  H  induced  by  Es (H),  we  say  that  a  node  u  of  Ft  is 
an  inner  blue  (resp.  red)  node  if  both  neighbors  of  u  in  H  are  blue  (resp. 
red). 

Theorem  16  Let  ( H ,  S )  be  the  hub  of  a  Berge  graph  G.  Assume  that  S  is  a 
maximal  set  such  that  (. H ,  S)  is  a  hub  with  the  further  property  that  S  does 
not  contain  any  center  of  a  twin  wheel  w.r.t.  H.  Let  P  =  x i, ...  ,xn  be  a 
minimal  chordless  path  in  G\(V ( H )  U  S)  containing  no  node  universal  for 
S  such  that  X\  has  a  red  neighbor,  no  other  node  of  P  has  a  red  neighbor  and 
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xn  has  a  blue  neighbor  b  in  H  so  that  neither  of  the  neighbors  of  b  in  H  is  a 
red  neighbor  of  x i.  Then  one  of  the  following  holds: 


(a)  P  has  two  consecutive  attachments  of  different  colors  that  are  nonad- 
jacent,  and  P  is  of  one  of  the  types  in  Theorem  If  (a)-(c)  or  (f)-(k). 

(b)  There  exist  two  adjacent  edges  ab\,  ab2  of  Es(H)  such  that  a  is  the 
only  red  neighbor  of  x\  in  H  and  at  least  one  node  of  P  is  adjacent  to 
both  b\  and  b2.  If  Es(H)  g!  {abi,ab2}  or  if  S  contains  a  node  s  with  no 
neighbors  in  P,  then  the  path  Q  =  a, x i, ...  ,xn  contains  an  odd  number 
of  edges  that  see  both  bi  and  b2. 

(c)  n  >  1,  ES(H )  contains  at  least  two  nonadjacent  edges,  X\  is  adjacent 
to  all  the  red  endnodes  of  the  edges  of  H  that  see  S  and  the  node  Xj 
of  lowest  index  adjacent  to  some  blue  node  is  adjacent  to  all  the  blue 
endnodes  of  the  edges  of  H  that  see  S.  If  j  >  2,  then  S  contains  two 
nonadjacent  nodes  y  and  z  such  that  y  is  adjacent  to  X\  and  to  no  other 
node  of  PXlXj,  and  z  is  adjacent  to  Xj  and  to  no  other  node  of  PXlXj. 
If  j  =  2,  then  {xi,x2}  contains  an  odd  chordless  anti-path  between 
X\  and  x2. 


Note  that  every  path  P  =  x i, ...  ,xn  such  that  x\  has  a  red  neighbor  and 
xn  has  an  inner  blue  neighbor  contains  a  subpath  as  in  the  hypothesis  of 
Theorem  16. 

Proof:  Let  Xj  be  the  node  of  P  of  lowest  index  having  a  blue  neighbor.  If 
the  path  PXlX  has  consecutive  attachments  of  distinct  colors  that  are  not 
adjacent,  then  PXlXj  satisfies  the  hypothesis  of  Theorem  14,  hence  one  the 
cases  (a)-(c)  or  (f)-(k)  of  Theorem  14  apply  (cases  (d)  and  (e)  cannot  occur 
since  S  does  not  contain  any  center  of  a  twin  wheel  w.r.t.  H).  Since  in  any 
of  these  cases  Xj  has  a  blue  neighbor  that  is  not  adjacent  to  any  red  neighbor 
of  X\  in  H .  then  j  =  n  and  case  (a)  holds  . 

Hence  we  may  assume  that  every  pair  of  consecutive  attachments  with 
distinct  colors  of  PXlXj  are  adjacent,  so  case  (a)-(c)  of  Theorem  15  occur.  If 
case  (c)  occurs,  then  case  (c)  of  Theorem  16  holds  and  we  are  done.  Hence 
we  may  assume  that  case  (a)  or  (b)  of  Theorem  15  holds.  In  particular,  X\ 
has  a  unique  red  neighbor,  say  a  and,  given  b\  and  b2  the  two  neighbors  of  a 
in  H ,  ab\  sees  S  and  Xj  is  adjacent  to  b\.  Since  xn  has  a  blue  neighbor  in  H 
neither  of  whose  neighbors  in  H  is  a  red  neighbor  of  aq,  n  >  1. 
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Claim  1  ab2  sees  S  and  bo  has  a  neighbor  in  P. 

Let  t  be  the  attachment  of  P  in  V(H)  \  { a ,  61}  that  is  closest  to  a  in  the 
path  induced  by  V(H)  \  {bi}.  Since  a  is  the  unique  red  attachment  of  P, 
then  t  is  blue.  If  t  =  b2  then  ab2  sees  S  and  we  are  done.  Assume  then  that 
t  7^  b2,  hence  no  neighbor  of  t  in  H  is  a  red  neighbor  of  aq  so  t  is  adjacent 
to  xn  and  no  other  node  in  P.  Let  Hb,2t  be  the  path  between  b2  and  t  in  the 
graph  induced  by  V ( H )  \  {61},  and  let  H'  =  (a,  xlt  P,  xn,  t,  Hb2t,  b2,  a).  Then 
H'  is  an  hole  of  length  at  least  6  and,  since  a  and  t  have  distinct  colors  in 
the  bicoloring  of  H  induced  by  Es(H)  and  no  node  in  P  is  universal  for  S, 
an  odd  number  of  edges  of  H'  sees  S,  therefore,  by  Theorem  10,  exactly  one 
edge  of  H'  sees  S  and  no  node  of  H'  is  universal  for  S  except  the  endnodes 
of  such  edge.  Since  a  is  universal  for  S,  then  the  unique  edge  in  H'  that  sees 
S  must  be  ab2.  Also,  by  Theorem  10,  we  have  two  possibilities. 

Case  1:  There  exists  a  node  y  E  S  such  that  the  only  neighbors  of  y  in 
H'  are  a  and  b2. 

Then  t  is  not  adjacent  to  61,  otherwise  (H,  y)  would  be  a  twin  wheel.  Let 
Z  =  zi, . . . ,  Zk  be  the  path  induced  by  V ( H )  \  ( V (P&2t)  U  {a,  &i}),  where  z1 
is  adjacent  to  t  and  Zy.  is  adjacent  to  b\.  Since  (H,  y)  is  not  a  twin  wheel, 
then  y  has  a  neighbor  in  Z.  If  xn  does  not  have  a  neighbor  in  Z,  then  there 
is  a  3PC(yab2,t).  If  both  y  and  xn  have  a  neighbor  in  Z  distinct  from  z  1, 
then  there  is  a  3PC(yab2,  xn).  Note  that  61  has  a  neighbor  in  V(P)  \  {aq}, 
otherwise  (y,  bi,xi,  P,  xn,  t.  Hb2t,  b2,  y)  is  an  odd  hole. 

If  xn  has  no  neighbor  in  Z  except  Zi,  then  t  and  Z\  are  the  only  neighbors 
of  xn  in  H ,  otherwise  (H,  xn)  is  an  odd  wheel.  Since  b\  has  a  neighbor  in 
V(P)  \  {a:i},  then  there  is  a  3PC(xntzi,  bi). 

Hence  xn  has  a  neighbor  in  Vr(Z)\{z-i },  therefore  the  only  neighbor  of  y  in 
Z  is  z\.  Also  xn  is  adjacent  to  z\  otherwise  there  is  a  3PC(yab2,  t).  Consider 
now  the  hole  H"  =  (zi,  y,  a,  x\,  P,  xn,  zi).  Since  b\  sees  at  least  one  edge  in 
H"  and  61  has  at  least  one  neighbor  in  V(P)  \  {aq},  then  either  (H',bi)  or 
(H",bi)  is  an  odd  wheel  since  61  sees  in  H"  exactly  one  edge  more  than  in 
H’. 

Case  2:  S  contains  two  nonadjacent  nodes  y  and  z  such  that  the  only 
neighbors  of  y  in  H1  are  a,  b2  and  x\  and  the  only  neighbors  of  z  in  H'  are 
a,  b2  and  the  node  c^a  adjacent  to  b2  in  H’  . 

Then  t  is  not  adjacent  to  b\,  otherwise  (H,  y)  would  be  a  twin  wheel.  Let 
Z  =  zi, ...  ,Zk  be  the  path  induced  by  V  (H)  \  (V  (Hb2t)  U  {a,  &i}),  where  z\  is 
adjacent  to  t  and  z^  is  adjacent  to  b\.  Since  (H,  y)  is  not  a  twin  wheel,  then 
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y  has  a  neighbor  in  Z.  Also,  since  (H,  z )  is  not  an  odd  wheel,  also  z  has  a 
neighbor  in  Z.  Let  p  and  q  be  two  neighbors  in  Z  of  y  and  z  respectively 
with  minimum  distance  in  Z .  Let  Zpq  be  the  path  between  p  and  q  in  Z.  Zpq 
is  an  even  path,  otherwise  (a,  y,p ,  Zpq,  q,  z,  a)  would  be  an  odd  hole.  If  b\  has 
a  neighbor  in  P\x i,  then  (P\xi)  UHb2t  U  {y,  z,  61}  contains  &3PC(b2zc,  bi). 
So  x\  is  the  unique  neighbor  of  b\  in  P.  If  xn  has  no  neighbors  in  Z,  then 
HUP  induces  a  3PC(xiab\ ,  t).  If  z1  is  not  the  unique  neighbor  of  xn  in  Z, 
then  HUP  contains  a  3PC(xiabi,  xn).  So  z\  is  the  unique  neighbor  of  xn  in 
Z.  If  Zpq  contains  then  V (Zpq)UV(P)  U  {y,  z,  a}  induces  a  3PC(xiay,  Z\). 
Otherwise,  V (P)  U  (V ( Hb2t )  \  b2)  U  V (Zpq)  U  {y,  z}  induces  an  odd  hole.  This 
concludes  the  proof  of  Claim  1. 

Claim  2  There  exists  a  node  in  P  that  is  adjacent  to  both  b\  and  b2. 

Assume  not.  Let  Xk  be  the  node  of  P  of  lowest  index  that  is  adjacent  to 
62 •  Since  we  assumed  that  the  node  xy  of  lowest  index  in  P  adjacent  to  some 
blue  node  is  adjacent  to  bi,  then  k  >  j. 

Case  1:  x\  is  the  unique  neighbor  of  b\  in  PXlxk. 

Then  Xk  must  be  adjacent  to  the  neighbor  c  of  b2  in  V (H)  \  {a}  and  to 
no  other  node  in  I 7(H)  \  {b2,  c},  or  else  there  is  either  a  3PC(ab\Xi1  b2)  or  a 
3PC(abiXi,Xk).  Let  F  =  61,  aq,  PXlXk ,  Xk,  b2.  F  is  an  odd  path  and  b\  and  b2 
are  universal  for  S.  Since  P  does  not  contain  any  node  universal  for  S,  then 
conclusion  (ii)  or  (iii)  of  Lemma  4  holds. 

If  conclusion  (ii)  holds,  then  F  has  length  3  and  S  U  {xi,  x2 }  contains  an 
odd  anti-path  Q  between  x\  and  x2.  Since  no  node  of  V (H)  \  { a ,  61, 62)  c}  is 
adjacent  to  x\  or  x2  and  a  is  universal  for  all  intermediate  nodes  of  Q,  then 
we  can  apply  Lemma  5  in  G  to  the  set  V (H)  \  {a,  !>i,  b2,  c},  the  path  Q  and 
the  node  a.  Therefore  there  must  exists  an  intermediate  node  y  of  Q  with 
no  neighbors  in  V(H)  \  { a ,  61 ,  b2 ,  c} .  But  then  the  only  neighbors  of  y  in  H 
are  a,  bi  and  b2  and  (H,  y)  is  a  twin  wheel,  a  contradiction. 

If  conclusion  (iii)  holds,  then  S  contains  two  nonadjacent  nodes  y  and  z 
such  that  y  is  adjacent  to  X\  and  no  other  node  of  PXlXk  while  2  is  adjacent 
to  Xk  and  no  other  node  of  Px lXk .  Since  S  does  not  contain  any  center  of  twin 
wheels  w.r.t.  H ,  then  y  and  z  must  have  neighbors  in  V(H)  \  {a,  61 ,  b2,  c}. 
Let  p  and  q  be  two  neighbors  of  y  and  z,  respectively,  that  are  closest  pos¬ 
sible  in  V(H)  \  {a,  6i,62,c}  and  let  Z  be  the  path  between  p  and  q  in  the 
graph  induced  by  V(H)  \  {a,bi,b2,c}.  Z  must  have  even  length  otherwise 
(a,y,p,  Z,q,  z,a)  is  an  odd  hole,  but  then  (y,  aq,  PXlXk,  z,  q,  Z,p,  y)  is  an 
odd  hole,  a  contradiction. 
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Case  2:  b\  has  a  neighbor  in  PX2Xk- 

Then  k  >  2  and  H'  =  (a,  xi,  PXlXk ,  xk,  b2,  a)  is  a  hole  of  length  at  least 
6.  The  only  edge  of  H'  that  sees  S  is  obi  hence  conclusion  (2)  or  (3)  of 
Theorem  10  holds. 

If  conclusion  (2)  holds,  then  S  contains  two  nonadjacent  nodes  y  and  z 
such  that  y  is  adjacent  to  X\  and  no  other  node  of  PXlxk  while  z  is  adjacent 
to  Xk  and  no  other  node  of  Px lXfc,  but  then  there  exists  a  3 PC(zb2xk,  b\). 

If  conclusion  (3)  holds,  then  S  contains  a  node  y  whose  only  neighbors  in 
H'  are  a  and  bo.  Let  P1  be  the  shortest  path  between  X\  and  y  in  the  graph 
induced  by  (V(P)  U  V(H)  U  {y})  \  {a,  &i,  b2}.  Then  H"  =  (a,x i,  P\  y,  a)  is  a 
hole.  Both  b\  and  b2  see  the  edge  ay  of  Ft" ,  both  b\  and  b2  have  a  neighbor 
in  PXlXj  and  y  is  not  adjacent  to  Xk ,  therefore  by  Theorem  10  b\  and  b2  see 
an  even  number  of  edges  in  H ",  but  then  there  exists  a  node  of  P  that  is 
adjacent  to  both  b2  and  b2. 

This  concludes  the  proof  of  Claim  2. 

Claim  3  If  ES(H )  ^  {abi,  ab2}  then  the  path  Q  =  a,  x  i, ...  ,xn  contains  an 
odd  number  of  edges  that  see  both  b\  and  b2. 

Assume  that  ES(H )  ^  {abi,ab2}.  Suppose  it  is  not  the  case  that  an  odd 
number  of  edges  of  Q  see  both  bL  and  b2 .  Let  x,[  be  the  node  of  highest 
index  that  is  adjacent  to  both  b\  and  b2.  Then  l  >  1.  Suppose  l  is  odd.  Then 
F  =  a,: Ci,  PXlxt ,  xi  is  an  °dd  path  and  hence  by  Lemma  4  applied  to  F  and  set 
{hi.  b2 } .  b\  is  adjacent  to  xi,  xi  and  no  other  node  in  PXlX,  while  h2  is  adjacent 
to  x/_ i,  xi  and  no  other  node  in  PXlXr  But  then  ( V(H )  U  1 4(Pa,ia,;_l))  \  {a} 
induces  an  odd  hole,  a  contradiction.  Therefore  l  is  even.  Let  Xh  and  ,x;. 
be  the  nodes  of  highest  index  adjacent  to,  respectively,  b\  and  b2.  W.l.o.g., 
h  <  k.  We  want  to  show  that  Px,xh  has  even  length.  Assume  not,  then  l  <  h. 
therefore,  by  definition  of  l,  h  and  k,  h  <  k.  Since  PXlXh  has  odd  length,  then 
b\  must  see  an  odd  number  of  edges  of  PXlXh.  Let  l  =  by  <  ...  <  krn  =  k  be 
all  the  indexes  between  l  and  k  such  that  b2  is  adjacent  to  Xkr  Then  there 
exists  i,  1  <  i  <  m  —  1  such  that  b\  sees  an  odd  number  of  edges  in  PXk.Xk  ■ 
But  then  PXk.xk.+1  has  length  at  least  2  and  C  =  (b2,xki,  PXk.Xk.+l ,  xki+1 ,  b2)  is 
an  hole,  therefore  b\  sees  exactly  one  edge  uv  in  C,  and  V (C)  U{a,  b\  }  induces 
a  3PC(biuv,  b2 ) ,  a  contradiction.  Hence  we  have  proven  that  a,  PXlXh ■  Xft 
has  even  length. 

Case  1:  xn  sees  an  odd  number  of  edges  in  some  sector  of  (H,  S ). 

Since  xn  has  only  blue  neighbors  in  H ,  by  Corollary  13,  xn  has  exactly  two 
neighbors  u  and  v  in  H  and  they  are  adjacent.  Suppose  xn  is  not  adjacent 
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to  bo.  If  h  <  k  then  there  is  a  3PC(xnuv,  b2).  If  h  =  k  then  there  is  a 
3 PC(xnuv,Xf1).  So  xn  is  adjacent  to  b2.  P-xhxn  has  odd  length,  else  (V(H)  U 
V ( Pxhxn ) )  \  {a,  b2}  induces  an  odd  hole.  Let  c  be  the  neighbor  of  b2  in  H\  a. 
Then  c  is  adjacent  to  xn.  Let  z  be  the  endnode  distinct  from  b2  of  the 
sector  Z  of  ( H,S )  containing  c,  and  let  F  be  the  path  between  c  and  2  in 
Z.  Since  Es(H)  ^  {ab\ ,  ab2},  then  z  ^  b\.  Moreover  F  has  odd  length, 
therefore  R  =  a,  xi,  P,  xn ,  c,  F,  z  has  odd  length.  Let  w  be  the  neighbor  of  2 
in  V ( H )  \  V (Z),  then  zw  e  Es(H)  and,  by  Lemma  5  applied  to  S,  R  and  w, 
there  is  an  odd  number  of  edges  of  R  that  sees  S,  a  contradiction. 

Case  2:  xn  sees  an  even  number  of  edges  in  every  sector  of  (H,  S ). 

Let  u  be  the  neighbor  of  xn  closest  to  b\  in  the  graph  induced  by  V (H)  \ 
{a,  b2}  and  Hubl  be  the  path  between  u  and  61  in  the  graph  induced  by 
V(H)  \  [a.,  h2).  We  want  to  show  that  PXhxn  has  length  of  the  same  par¬ 
ity  as  the  length  of  Hubl.  If  not  then  u  7^  h\  and  xb  ^  xn ,  but  then 
(bi,Xh,  PXhxn,xn,u,  Hubl,bi)  is  an  odd  hole.  Let  z  be  the  endnode  distinct 
from  bi  and  b2  of  the  sector  Z  of  (H,  S )  containing  u  (the  existence  of  such 
a  node  is  guaranteed  by  the  hypothesis  E${H )  ^  {abi,ab2}).  Let  vl  be  the 
neighbor  of  xn  closest  to  z  in  Z  and  let  F  be  the  path  between  u'  and  2:  in  Z. 
Since  xn  sees  an  even  number  of  edges  in  Z,  then  Huh]  and  F  have  lengths 
of  the  same  parity,  therefore  R  =  a,  x\,  P,  xn,  v' ,  F,  z  has  odd  length.  Let  w 
be  the  neighbor  of  2  in  V(H)  \  V(Z),  then  zw  G  Es(H )  and,  by  Lemma  5 
applied  to  S,  R  and  w,  there  is  an  odd  number  of  edges  of  R  that  sees  S,  a 
contradiction. 

This  concludes  the  proof  of  Claim  3. 

Claim  4  If  S  contains  a  node  s  with  no  neighbors  in  P,  then  the  path 
Q  =  a,  x  1,. . .  ,xn  contains  an  odd  number  of  edges  that  see  both  b\  and  b2. 

Let  F  be  the  shortest  path  between  x\  and  s  in  the  graph  induced  by 
(V(H)  U  V(P)  U  {s})  \  {a,  61,  b2}.  Then  H'  =  (5,  a,  X\,F,  s)  is  a  hole.  Since 
as  sees  both  b\  and  b2  and  there  exists  a  further  node  in  P  that  is  adjacent 
to  both  bi  and  b2  then,  by  Theorem  10,  H'  contains  an  even  number  of  edges 
that  see  both  b\  and  b2 ,  but  then  Q  =  a,  xi,  P,  xn  has  an  odd  number  of  edges 
that  see  both  61  and  b2.  This  concludes  the  proof  of  Claim  4.  □ 

6  Ears  on  isolated  edges  of  a  hub 

Given  an  hub  ( H ,  S)  in  a  Berge  graph  G,  an  edge  uv  in  E${H)  is  isolated  if 
no  other  edge  in  Es(H )  is  adjacent  to  uv. 
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Lemma  17  Let  ( H ,  S )  be  a  hub  of  a  Berge  graph  G  such  that  H  contains 
an  edge  uv  in  E$(H)  that  is  isolated.  Assume  that  S  is  maximal  with  such  a 
property.  Let  P  =  x i,  ...,xn  be  an  ear  on  uv.  Let  Q  =  yi, ...,  ym  be  a  minimal 
path  in  G\(V (H)  U  V ( P )  U  S)  such  that  y\  has  a  neighbor  in  P  and  ym  has 
a  neighbor  in  the  interior  of  some  sector  of  (. H ,  S).  Then  Q  contains  a  node 
that  is  universal  for  S. 

Proof:  By  contradiction,  let  Q  =  r/i, ...,  ym  be  a  minimal  path  in  G  \  (V(H)  U 
V  (. P )  U  S)  such  that  y\  has  a  neighbor  in  P,  ym  has  a  neighbor  in  the  interior 
of  some  sector  of  ( H ,  S)  and  no  node  in  Q  is  universal  for  S.  Note  that  we 
only  need  to  prove  the  statement  in  the  case  in  which  Q  does  not  contain 
any  node  whose  only  neighbors  in  H  are  u  and  v.  In  fact,  if  Q  contains  such 
a  node  and  y,  is  the  node  of  highest  index  whose  only  neighbors  are  u  and  v, 
then  P'  =  yt  is  an  ear  on  uv  and  Q'  =  yi+ 1,  Qy,+iym ,  ym  is  a  path  such  that 
yi+ 1  has  a  neighbor  in  P'  and  yrn  has  a  neighbor  in  the  interior  of  some  sector 
of  ( H ,  S)  but  no  node  of  Q'  is  adjacent  to  u,  v  and  no  other  node  of  PL.  Let 
us  assume,  then,  that  Q  does  not  contain  any  node  whose  only  neighbors  in 
H  are  u  and  v. 

Claim  1:  No  node  in  Q  is  adjacent  to  both  u  and  v. 

Assume  there  exists  i,  1  <  i  <  m,  such  that  y,  is  adjacent  to  u  and  v. 
Since  yt  is  not  universal  for  S,  then  SUyi  is  co-connected.  By  the  maximality 
of  S,  (H.  S  U  yf)  is  not  a  hub,  hence  uv  is  the  only  edge  of  H  that  sees  S  U  . 
Since  uv  is  isolated,  S  does  not  contain  any  center  of  a  twin  wheel  w.r.t.  H, 
hence,  by  Theorem  10,  yi  is  adjacent  only  to  u  and  v  in  H .  a  contradiction. 

Claim  2:  Let  be  a  node  with  a  neighbor  in  H  distinct  from  v  (resp. 
u).  Let  s  be  the  neighbor  of  yi  closest  to  u  (resp.  v)  in  V(H)  \  {n}  (resp. 
V(H)  \  {n})  and  assume  that  no  node  in  QyiVi_1  has  a  neighbor  closer  to  u 
(resp.  v)  in  V{H)  \  {n}  (resp.  V(H)  \  {«})  than  s.  Then  s  and  u  (resp.  v) 
have  the  same  color. 

Assume,  w.l.o.g.,  that  yt  has  a  neighbor  in  H  distinct  from  v.  By  contra¬ 
diction,  assume  s  and  u  have  distinct  colors,  then  s  ^  u.  Let  w  and  w'  be  the 
endnodes  of  the  sector  Z  of  (. H ,  S)  containing  s  and  assume  w  is  closer  to  u 
in  V(H)  \  {?/}  than  w' .  Since  uv  is  isolated,  then  w  is  not  adjacent  to  u.  Let 
F  be  the  shortest  path  between  w  and  u  in  V (Z)  AV {QyiVi)  UV(P)  U  {it}  and 
F'  be  the  path  between  u  and  w  in  V(H)  \  {n}.  Since  H'  =  (u,  F' ,w,  F,u) 
is  a  hole,  then  F  and  F'  have  length  of  the  same  parity.  Since  w  and  u 
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have  distinct  colors  in  the  bicoloring  of  H  induced  by  E${H ),  then  F'  has 
odd  length,  therefore  F  is  an  odd  chordless  path.  Since  F'  is  odd  and  uv  is 
isolated,  F'  contains  a  node  t.  distinct  from  u  and  v,  that  is  universal  for  S. 
Lemma  5  applied  to  S,  F  and  t  implies  that  F  contain  an  odd  number  of 
edges  that  see  S,  a  contradiction. 

Let  yj  be  the  node  of  Q  of  lowest  index  such  that  y3  has  a  neighbor  in  H 

distinct  from  u  and  v.  Let  s  be  the  neighbor  of  y3  closest  to  v  in  V (H)  \  {?/} 

and  t  be  the  neighbor  of  y3  closest  to  u  in  V(H)  \  {  ?/}. 

Claim  3:  st  is  an  edge  of  H  that  sees  S  and  st  ^  uv.  Furthermore,  P  =  x i 

and  no  node  in  Qy iy  has  a  neighbor  in  H. 

By  Claim  2  applied  to  yJ}  s  has  the  same  color  of  v  and  t  has  the  same 
color  of  u  in  the  bicoloring  induced  on  H  by  Es(H).  By  Claim  1,  either 
or  t  7^  u.  Assume,  w.l.o.g.,  that  u  ^  t.  Assume  s  and  t  are  nonadjacent. 
Then  s  and  t  are  consecutive  neighbors  of  y3  with  distinct  colors  in  H  that 
are  nonadjacent,  therefore  we  can  apply  Theorem  14  to  the  path  consisting 
of  yj.  Since  ES(H )  contains  an  isolated  edge,  then  conclusion  (a),  (b)  or  (g) 
of  Theorem  14  holds. 

Case  1:  Case  (a)  or  (b)  of  Theorem  14  holds. 

Then  ES{H )  consists  of  two  nonadjacent  edges  uv  and  u'v'  while  ( H.  y:i ) 
is  a  line  wheel.  Assume  v  and  v'  have  the  same  color.  By  symmetry,  we  may 
assume  that  u  ^  t  and  v'  is  not  adjacent  to  y} .  Let  F  be  the  shortest  path 
between  u  and  yj  in  V (P)  U  V (Qyiyj)  U  {u}  and  let  F'  be  the  path  between  u 
and  t  in  V (H)  \  {u}.  Since  u  t,  H'  =  (u,  F' ,  t,  yj ,  P,  u)  is  a  hole,  hence  F' 
has  distinct  parity  from  P.  But  then,  since  yj  sees  an  odd  number  of  edges  in 
the  sector  of  ( H ,  S)  with  endnodes  u  and  u',  the  shortest  path  F"  from  u  to 
v!  in  ( V (. H )  U  V (P)  U  V (P))  \  {u,  v',  t}  has  odd  length.  By  Lemma  5  applied 
to  S,  F"  and  v',  an  odd  number  of  edges  of  F"  see  S,  a  contradiction. 

Case  2:  Case  (g)  of  Theorem  14  holds. 

Then  s  =  v,  u  and  t  are  adjacent  and  H  contains  a  path  v,  u,  t,  u\  v' 
where  u'v'  sees  S  and  y3  is  adjacent  to  v,t,  v'  but  not  to  u  or  vl .  Let  F 
be  the  shortest  path  between  u  and  yj  in  V(P)  U  V{Qyiy.)  U  {;/}.  Since 
H'  =  (u.  t.  yj ,  P,  u)  is  a  hole,  P  has  even  parity,  but  then  u,  P,  yj ,  v'  is  an  odd 
chordless  path  and  Lemma  5  applied  to  S,  u,  F,  yj,  v'  and  u' ,  implies  that  an 
odd  number  of  edges  of  P  see  S,  a  contradiction. 

Therefore  s  and  t  must  be  adjacent  and,  since  they  have  distinct  colors,  st 
sees  S.  To  conclude  the  proof  of  Claim  3,  let  P  =  V\, ...,  be  a  shortest  path 


28 


in  V (Qtjytjj )  U  V(P)  such  that  vk  =  ?/?  and  V\  is  adjacent  to  u  or  v  .  If  v\  is 
not  adjacent  to  both  u  and  v,  say  V\  is  not  adjacent  to  v ,  then  V (H)  U  V (F) 
induces  a  a  3 PC(styj,u),  a  contradiction.  Therefore  P  =  x i,V\  =  X\  and  no 
node  in  Qyiyj_1  has  a  neighbor  in  H.  This  concludes  the  proof  of  Claim  3. 

Let  Hut  be  the  path  in  V (H)  \  {v}  between  u  and  t  and  Hvs  be  the  path 
in  V(H)  \  {?/}  between  v  and  s.  Note  that  Hut  and  Hvs  have  both  even 
length.  Let  yk  be  the  node  of  lowest  index  in  Q  such  that  k  >  j  and  yk  has 
a  neighbor  in  V(H )  \  {s,t}. 

Claim  4:  yk  has  a  neighbor  both  in  V(Hut )  \  {t}  and  in  V(Hvs)  \  {s}. 

Assume,  w.l.o.g,  that  yk  has  a  neighbor  in  Hut  distinct  from  t  and  let  p 
be  the  neighbor  of  yk  closest  to  u  in  Hut  (possibly  u  =  p).  By  Claim  2,  p  and 
u  must  have  the  same  color.  Let  F  be  the  shortest  path  between  p  and  s  in 
V ( Qyjyk )  U  {p.  s}  and  let  F'  be  the  path  between  u  and  p  in  Hut.  If  yk  has  no 
neighbors  in  V(Hvs )  \  {s},  then  H'  =  (u,  F' ,p,  F,  s,  Hvs,v,u)  is  a  hole,  then 
R  =  u,  F'tP,  F,  s  is  an  odd  path  so,  by  Lemma  5  applied  to  A,  R  and  v,  R 
contains  an  odd  number  of  edges  that  see  S.  Since  u  and  p  have  the  same 
color,  then  S  sees  an  even  number  of  edges  of  F1,  therefore  S  must  see  an 
odd  number  of  edges  of  F,  a  contradiction. 

Let  p  be  the  neighbor  of  yk  closest  to  u  in  Hut  and  let  q  be  the  neighbor 
of  ?//,.  closest  to  v  in  Hvs.  By  Claim  1  and  Claim  4,  p  and  q  are  nonadjacent 
and,  by  Claim  2,  p  has  the  same  color  of  u  and  q  has  the  same  color  of  v. 
We  can  also  assume,  w.l.o.g.,  that  p. 

Then  p  and  q  are  consecutive  neighbors  of  yk  with  distinct  colors  in  H  that 
are  nonadjacent,  therefore  we  can  apply  Theorem  14  to  the  path  consisting 
of  yy .  Since  Es ( H )  contains  an  isolated  edge,  then  conclusion  (a),  (b)  or  (g) 
of  Theorem  14  holds. 

Case  1:  Case  (a)  or  (b)  of  Theorem  14  holds. 

Then  ES(H )  consists  only  of  uv  and  st.  Note  that  st  is  an  isolated  edge 
of  Es(H),  P'  —  yj  is  an  ear  of  st  and  S  is  maximal  with  this  property. 
Moreover  Q'  =  Qyj+iyk  is  a  path  in  G  \  ( V (H)  U  V (P')  U  S )  such  that  yl+\  has 
a  neighbor  in  P'  and  yk  has  a  neighbor  in  the  interior  of  a  sector  of  (H,  S'). 
But  now  P'  and  Q'  contradict  Claim  3. 

Case  2:  Case  (g)  of  Theorem  14  holds. 

Then  q  =  v,  u  and  p  are  adjacent  and  H  contains  a  path  v,  u,  p,  v' ,  v' 
where  u'v'  sees  S  and  y3  is  adjacent  to  v,p,v'  but  not  to  u  or  u' . 

We  have  two  cases: 
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Case  2.1:  u'v'  ^  st. 

Then  u'v'  is  not  adjacent  to  st,  since  v'  is  in  Hut  and  v'  and  t  have  distinct 
colors.  Let  F  be  the  shortest  path  between  u  and  yk  in  V (P) UV (Q</iyfc)U{w}- 
Since  H'  =  (u,p,  yk,  F,  u )  is  a  hole,  then  F  is  even,  but  then  u,  F ,  yk,  v'  is  an 
odd  chordless  path  and  Lemma  5  applied  to  S,  u,F,yk,v '  and  v! ,  implies 
that  an  odd  number  of  edges  of  F  see  S,  a  contradiction. 

Case  2.2:  u'v'  —  st. 

Then  u'  =  t  and  v'  =  s.  Let  F  be  the  shortest  path  between  t  and  yk  in 
V(Qyjyk )  U  {t}.  Since  H'  =  (t,p,yk,  F,t)  is  a  hole,  then  F  is  even,  but  then 

t,  F,yk,v  is  an  odd  chordless  path  and  Lemma  5  applied  to  S,  t,  F,yk,v  and 

u,  implies  that  an  odd  number  of  edges  of  F  see  S,  a  contradiction. 

□ 

Theorem  18  Let  ( H ,  S)  be  a  hub  of  a  Berge  graph.  If  G  contains  an  ear  P 
on  an  isolated  edge  uv  of  Es(H),  then  G  has  a  skew  partition. 

Proof:  Let  A  be  a  maximal  set  containing  S  such  that  (H.  A)  is  a  hub  and 
uv  sees  A.  Assume  that  u  is  colored  red  in  the  bicoloring  of  (H,  A)  induced 
by  Ea(H).  Let  B  be  the  set  containing  all  the  endnodes  of  the  edges  of 
Ea(H )  and  all  the  nodes  in  G  \  (V(H)  U  A)  that  are  universal  for  A.  If 
G  \  ( A  U  B)  is  not  connected,  then  G  contains  a  skew-partition.  Assume  that 
G\(iUB)  is  connected,  then  there  exists  a  minimal  path  Q  =  yi, ...,  ym  in 
G  \  (V(H)  U  V(P)  U  A  U  B)  such  that  yi  has  a  neighbor  in  P  and  ym  has 
a  neighbor  in  the  interior  of  some  sector  of  ( H,A ),  but  such  a  path  would 
contradict  Lemma  17.  □ 

7  Hubs  in  graphs  containing  no  “large”  line 
graphs 

ASSUMPTION:  Throughout  this  section,  we  will  assume  that  G  is  a  Berge 
graph  such  that  G  and  G  contain  no  long  3PC(A,  A)  and  no  line  graph  of  a 
bipartite  subdivision  of  I\  \ . 

Lemma  19  Let  ( H ,  S)  be  a  hub  of  a  Berge  graph  G  such  that  G  and  G 
contain  no  long  3PC(A,  A)  and  no  line  graph  of  a  bipartite  subdivision  of 
A4.  Let  P  =  x\, . . .  ,xn  be  a  minimal  chordless  path  in  G  \  ( V(H )  U  S ) 
containing  no  node  that  is  universal  for  S,  such  that  X\  has  a  blue  neighbor 
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in  H  and  xn  has  a  red  neighbor  (n  =  1  is  allowed).  If  there  exist  consecutive 
attachments  of  P  with  distinct  colors  that  are  not  adjacent,  then  one  of  the 
following  holds. 

(a)  \H\  =  6,  n  =  1  and  there  exists  y  E  S  such  that  V (H)  U  {x\ ,y}  induces 
a  double  beetle. 

(b)  n  =  1  and  there  exists  y  E  S  nonadjacent  to  X\  such  that  (H,x i)  and 
(. H,y )  are  twin  wheels  and  exactly  one  edge  of  H  sees  both  x\  and  y. 

(c)  There  exists  y  E  S  such  that  ( H,y )  is  a  twin  wheel,  no  node  of  P  is  a 
neighbor  of  y,  x\  is  adjacent  to  the  twin  of  y  in  H  and  no  other  node 
in  H  while  xn  is  not  adjacent  to  both  the  other  neighbors  of  y  in  H. 

Proof:  Assume  not,  then  P  is  of  one  of  the  types  (a)-(c)  or  (f)-(k)  of  Theo¬ 
rem  14.  If  P  is  of  type  (c),  then  V (H) UV (P)U{r/}  contains  a  long  3PC(A,  A) 
unless  n  =  1  and  \H\  =  6,  so  case  (a)  of  Lemma  19  holds.  P  cannot  be  of 
type  (a)  by  assumption.  If  P  is  of  type  (b),  then  n  =  1,  |Pj  =  6,  (H,x i) 
is  a  line  wheel  and  S  U  X\  contains  an  odd  chordless  anti-path  Q  of  length 
at  least  3  between  xi  and  a  node  y  E  S  such  that  (ip  y)  is  a  line  wheel,  no 
edge  of  H  sees  both  x\  and  y  and  every  intermediate  node  of  Q  is  adjacent 
to  every  node  in  H.  One  can  verify  that  G[V(H)  U  V(Q)]  is  the  line  graph 
of  a  bipartite  subdivision  of  K 4.  If  P  is  of  type  (f),  then  n  =  1,  H  contains 
a  subpath  u,  z,w,  z' ,u'  such  that  Es{H )  =  {wz,wz'},  X\  is  adjacent  to  u, 
w  and  v!  but  not  z  and  z' ,  S  U  X\  contains  an  odd  chordless  anti-path  Q  of 
length  at  least  3  between  X\  and  a  node  y  E  S  such  that  y  is  nonadjacent 
to  u  and  u!  and  every  intermediate  node  of  Q  is  adjacent  to  both  u  and  u' . 
One  can  verify  that  G\V(Q)  U  {u,  z,z',u'}]  is  a  2>PC{uu’y,  z' zx\),  and  such 
3PC(A,  A)  is  long  since  Q  has  length  at  least  3.  If  P  is  of  type  (g),  then 
n  =  1,  H  contains  a  subpath  w,  z,u,  z! ,w'  such  that  wz  and  w' z'  are  edges 
of  Es(H ),  X\  is  adjacent  to  u,  w  and  w'  but  not  z  and  z' ,  S  U  .-/•]  contains 
an  even  chordless  anti-path  Q  between  X\  and  a  node  y  E  S  such  that  y  is 
nonadjacent  to  u  and  every  intermediate  node  of  Q  is  adjacent  to  u.  One 
can  verify  that  G[V(Q)  U  {w,  z,u,  z1  ,w'}]  is  a  3PC(ww'u,  z'zxi),  which  is 
long  since  Q  has  positive  even  length.  If  P  is  of  type  (h),  then  n  >  1,  H 
contains  a  subpath  w ,  z,u,  z',w'  such  that  wz  and  w'z'  are  edges  of  ES(H), 
X\  is  adjacent  w  and  w'  but  not  u,  z  and  z',  while  xn  is  adjacent  to  u  but 
not  w ,  z,  w1  and  z'.  Furthermore  S  contains  two  nodes  y  and  1/  such  that 
the  only  neighbors  of  y  in  V (P)  U  {w,  z,  u ,  z' ,  w'}  are  u,  z,  z' ,  w ,  w'  while  the 
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only  neighbors  of  y'  in  V(P)  U  {w,  z,u,  z' ,w'}  are  xi,  z,  z' ,  w,  w' .  One  can 
verify  that  G[V(P)  U  {y,y',u,  z,w’}]  is  a  long  3PC(uyz,Xiw'y').  If  P  is  of 
type  (k),  then  H  =  (v,w,  z,u,  z',w' ,v),  ES(H )  =  {wz,w'z'},  X\  is  adjacent 
only  to  v  in  H  and  xn  is  adjacent  only  to  u  in  H .  Furthermore,  S  contains 
two  nonadjacent  nodes  y  and  y'  such  that  y  and  y'  are  adjacent  to  every  node 
in  H  except  v  and  u,  respectively,  and  no  node  in  P  is  adjacent  to  y  or  y' . 
One  can  verify  that  G[V(P)  U  {y,y',u,v,  z,w'}]  is  a  long  3 PC(uyz,vw'y'). 
□ 

Lemma  20  Let  (H,  S )  be  the  hub  of  a  Berge  graph  G  such  that  G  and  G 
contain  no  long  3PC(A,  A)  and  no  line  graph  of  a  bipartite  subdivision  of 
K4.  Assume  that  S  is  a  maximal  set  such  that  ( H ,  S)  is  a  hub  with  the  further 
property  that  S  does  not  contain  any  center  of  a  twin  wheel  w.r.t.  H .  Let 
P  =  x  1, ...  ,xn  be  a  minimal  chordless  path  in  G\(V (H)  U  S )  containing  no 
node  universal  for  S  such  that  X\  has  a  red  neighbor,  no  other  node  of  P  has 
a  red  neighbor  and  xn  has  a  blue  neighbor  whose  neighbors  in  H  are  not  red 
neighbors  of  x\ .  Then  one  of  the  following  holds: 

(1)  There  exist  two  adjacent  edges  abi,  062  of  Es(H)  such  that  a  is  the 
only  red  neighbor  of  x\  in  H  and  at  least  one  node  of  P  is  adjacent  to 
both  bi  and  b 2.  If  E${H)  ^  {061,062}  or  if  S  contains  a  node  s  with  no 
neighbors  in  P,  then  the  path  Q  =  o,  x\, . . . ,  xn  contains  an  odd  number 
of  edges  that  see  both  b\  and  62. 

(2)  \H\  =  6,  n  =  1  and  there  exists  y  G  S  such  that  V(H)U{xi,y}  induces 
a  double  beetle. 

Proof:  Obviously,  one  of  the  conclusions  of  Theorem  16  must  occur.  If 
conclusion  (a)  of  Theorem  16  holds,  then  by  Lemma  19  conclusion  (2)  holds 
(since  S  does  not  contain  any  center  of  a  twin  wheel)  and  we  are  done.  If 
conclusion  (b)  holds,  then  conclusion  (1)  holds  and  we  are  done. 

So  we  may  assume  that  conclusion  (c)  of  Theorem  16  holds.  Then  n  >  1, 
Es(H )  contains  at  least  two  nonadjacent  edges,  X\  is  adjacent  to  all  the 
red  endnodes  of  the  edges  of  H  that  see  S  and  the  node  x:j  of  lowest  index 
adjacent  to  some  blue  node  is  adjacent  to  all  the  blue  endnodes  of  the  edges 
of  H  that  see  S.  If  j  >  2,  then  S  contains  two  nonadjacent  nodes  y  and  z 
such  that  y  is  adjacent  to  X\  and  to  no  other  node  of  PXlXj,  and  z  is  adjacent 
to  Xj  and  to  no  other  node  of  PXlXj.  If  j  =  2,  then  S  U  (xi,  X2 }  contains  an 
odd  chordless  anti-path  between  x\  and  x<i. 
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Let  uv  and  u'v'  be  two  nonadjacent  edges  of  E$(H )  and  assume,  w.l.o.g., 
that  X]  is  adjacent  to  u  and  u'  and  Xj  is  adjacent  to  v  and  v' .  If  3  >  2 
then  G[V(PXlXj)  U  {y,  z,u,v'}]  is  a  long  3PC(xiyu,Xjv'z).  If  j  =  2  then 
G[V(Q)  U  {u,u',v,v'}]  is  a  long  3PC(xivv' ,  x^u'u).  □ 

7.1  Good  hubs 

We  say  that  a  hub  ( H ,  S)  is  good  if  H  has  an  inner  blue  node  and  an  inner  red 
node  w.r.t.  the  bicoloring  induced  on  H  by  Es(H).  Equivalently,  given  the 
maximal  paths  P1, . . . ,  Pk  induced  by  the  endnodes  of  the  edges  of  Es (II), 
(P,  S)  is  a  good  hub  if  and  only  if  there  exists  1  <  i  <  k,  such  that  P'  has 
odd  length. 

Lemma  21  Let  (P,  S)  be  a  good  hub  of  a  Berge  graph  G  such  that  G  and 
G  contain  no  long  3PC(A,  A)  and  no  line  graph  of  a  bipartite  subdivision  of 
K 4.  Let  y  £  G  \  (V(H)  U5)  be  a  node  such  that  ( H ,  S  U  y)  is  a  hub.  Then 
either  ( H ,  S  U  y)  is  a  good  hub  or  V (P)  U  y  contains  a  hole  H'  such  that 
(. H\S )  is  a  good  hub  with  ES{H')  g  ES(H). 

Proof:  Since  ( H ,  S )  is  a  good  hub,  by  Lemma  19  every  pair  of  consecutive 
neighbors  of  y  in  H  with  distinct  colors  are  adjacent.  Assume  (H.  S  U  y) 
is  not  a  good  hub.  Let  P1, ...  ,Pk  be  the  maximal  paths  induced  by  the 
endnodes  of  the  edges  of  Es{H)  and  assume,  w.l.o.g,  that  P1  =  yi, ....  ym 
has  odd  length.  If  y  has  no  neighbor  in  P1,  then  P1  is  contained  in  a  sector 
Q  —  s,...,t  of  ( H,y ),  therefore,  given  H'  —  (y,s,Q,t,y),  is  a  good 

hub  and  E${H' )  ^  Eg (H).  Therefore  we  may  assume  that  y  has  a  neighbor 
in  P1.  Let  r  be  the  neighbor  of  y  closest  to  ty  in  P1  and  s  be  the  neighbor 
of  y  closest  to  yrn  in  P1  (possibly  r  =  s).  Since  ( H,  ,S  U  y)  is  not  a  good 
hub,  then  y  sees  an  even  number  of  edges  of  P1,  therefore  Pf  has  even 
length.  Since  P1  has  odd  length,  we  can  assume,  w.l.o.g.,  that  Pf  has 
odd  length.  Let  Q  =  s, ....  f  be  the  sector  of  (ip  y)  containing  Pg2  ,  then, 
given  H'  =  (y,s,Q,t,y),  ( H',S )  is  a  good  hub  and  Es(H')  P  Es(H )  (since 
(P,  S  U  y)  is  a  hub).  □ 

Theorem  22  Let  G  be  a  Berge  graph  such  that  G  and  G  contain  no  long 
3PC(A,  A)  and  no  line  graph  of  a  bipartite  subdivision  of  P'4 .  If  G  contains 
a  good  hub  (P,  S ),  then  G  has  a  good  skew  partition. 


33 


Proof:  Assume  that,  among  all  the  good  hubs  contained  in  G,  (H,  S )  is 
chosen  so  that  £5  (if)  is  minimal  (i.e.  there  is  no  good  hub  ( H',S ')  such 
that  Es'(H')  A  ES(H)).  Let  A  be  a  maximal  set  containing  S  such  that 
(. H ,  A)  is  a  hub.  Then,  by  Lemma  21  and  by  the  minimality  assumption 
on  Es(H),  ( if,  A )  is  a  good  hub  and  Ea(H)  =  ES(H).  Let  B  be  the  set 
containing  all  the  nodes  that  are  universal  for  A  in  G  \  (V(H)  U  A)  and 
all  the  blue  endnodes  of  the  edges  in  Es{H).  If  in  G  \  (.4  U  B)  the  red 
nodes  of  H  are  in  distinct  connected  components  than  the  blue  nodes  of 
if,  then  G  has  a  skew  partition.  Otherwise  there  exists  a  chordless  path 
P  —  x\ , xn  in  G  \  ( V(H )  U  A)  containing  no  node  universal  for  S  such 
that  Xi  is  adjacent  to  a  red  node  of  if.  no  other  node  of  P  has  a  red  node 
of  H  and  xn  is  adjacent  to  an  inner  blue  node  of  H .  Let  j  be  the  node  of 
P  with  lowest  index  that  is  adjacent  to  a  blue  node  b  in  H  so  that  neither 
of  the  neighbors  of  b  in  H  is  a  red  neighbor  of  X\ .  Then  either  conclusion 
(1)  or  (2)  of  Lemma  20  holds  for  PXl x  .  Conclusion  (2)  cannot  hold  since 
(H,  A)  is  a  good  hub.  Hence  conclusion  (1)  holds,  so  there  exist  two  adjacent 
edges  abi,  ab2  of  Ea(H)  such  that  a  is  the  only  red  neighbor  of  x,\  in  H  and 
at  least  one  node  of  PXlXj  is  adjacent  to  both  b\  and  b2.  Since  ( if,  A )  is  a 
good  hub,  Ea(H)  { ab\,ab2 }  so  by  Lemma  20  the  path  Q  =  a, x i, . . .  ,Xj 
contains  an  odd  number  of  edges  that  see  both  b\  and  b2.  If  j  =  1,  then 
(if,  AUxi)  is  a  hub,  contradicting  the  maximality  of  A.  Therefore  j  >  1  and 
there  exists  a  node  i  <  j,  adjacent  to  b\  and  b2  and  to  no  other  node  in 
V (if)  \  {a,  &i,  b2}.  Thus  (V (if)  U  { Xi })  \  {a}  induces  a  hole  if'  and  (if',  A)  is 
a  good  hub  with  Ea(H')  S  ES(H ),  contradicting  the  minimality  of  ES(H). 

Hence  G  contains  a  skew  partition  ( A ,  B,  C ,  D)  where  C  contains  all  the 
red  nodes  of  if  and  D  contains  all  the  inner  blue  nodes  of  if  (w.r.t.  the 
bicoloring  induced  on  if  by  Ea(H)).  Let  u  be  any  red  endpoint  of  some  edge 
in  Ea(H),  then  u  G  C  and  u  is  universal  for  A,  hence  (A,  B,  C.  D )  is  a  good 
skew  partition.  □ 

Recently,  Chudnovsky,  Robertson,  Seymour  and  Thomas  [3]  showed  that 
a  minimally  imperfect  graph  cannot  contain  a  long  3PC(A,  A)  or  the  line 
graph  of  a  bipartite  subdivision  of  if 4.  This  result,  together  with  Theorems  2 
and  22,  implies  the  following. 

Theorem  23  No  minimally  imperfect  graph  contains  a  good  hub. 
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